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Abstract 

We explicitly construct two classes of infinitly many commutative operators in 
terms of the deformed Virasoro algebra. We call one of them local integrals and 
the other nonlocal one, since they can be regarded as elliptic deformations of the 
local and nonlocal integrals of motion obtained by V.Bazhanov, S.Lukyanov and 
Al.Zamolodchikov [1]. 
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1 Introduction 



The purpose of this paper is to construct two classes of infinitly many commutative 
operators, in terms of the deformed Virasoro algebra. Let us recall some facts about 
soliton equation. The classical sine- Gordon equation 

drdtcpit, t) = e^(*'^) - e-'^(*'^), (1.1) 

is one of the simplest example of the Toda field theory. One of the authors and E.Prenkel 

[4] considered the so-called local integrals of motion I^'^^^ for the classical sine-Gordon 
theory 

(/(cO,i^(cO}^^ =0, (1.2) 

where H^'^^ — | / (e*^^*^ -l- e~'^^^^)dt is the Hamiltonian. They showed the existence of in- 
finitly many commutative integrals of motion by a cohomological argumemnt, and showed 
that they can be regarded as the conservation laws for the KdV equation 

drW(T, t) = dlW{T, t) + 3W(t, t)dtW{r, t). (1.3) 

They gave similar construction for the Toda field theory associated with the root system 
of finite and affine type. 

In [4] they constructed the quantum deformtion of the local integrals of motion. In 
other words they showed the existence of quantum deformation of the conservation laws 
of the KdV equation. After quantization Gel'fand-Dickij bracket {,}p.b. for the second 
Hamiltonian structure of the KdV, gives rise to the Virasoro algebra 

[Lm, Ln] = {m- n)Lm+n + ^^^^Sm+n,0- (1-4) 

V.Bazhanov, S.Lukyanov, Al.Zamolodchikov [1] constructed field theoretical analogue of 
the commuting transfer matrix T{z), acting on the irreducible highest weight module 

of the Virasoro algebra. They constructed this commuting transfer matrix T{z) as the 
trace of the monodromy matrix associated with the quantum affine symmetry Uq{sl2), and 
commutatin relation [T(2;), T(?l')] = is a direct consequence of the Yang-Baxter relation. 
The coefficients of the asymptotic expansion of the operator log T(^) at 2; — > oo, produce 
the local integrals of motion for the Virasoro algebra, which recover the conservation laws 
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of the KdV equation in the classical limit ccft oo. They call the coefficients of the 
Taylor expansion of the operator T{z) at z = 0, the nonlocal integrals of motion for the 
Virasoro algebra. They have explicit integral representation in terms of the screening 
currents. 

The purpose of this paper is to construct the elliptic version of the integrals of motion 
given by V.Bazhanov, S.Lukyanov, Al.Zamolodchikov [1]. Their construction is based on 
the free field realization of the Borel subalgebra B± of Uq{sl2) in terms of the screening 
currents, which cannot be extended to the full symmetry Uq{sl2)- By using this realization 
they construct the monodromy matrix as the image of the universal i?-matrix IZ G 13+ (g) 
and derive the transfer matrix T{z) as the trace of this monodromy matrix. Because 
the universl i?-matrix TZ of the elliptic quantum group does not exist in the tensor of 
the Borel subalgebras (8) B_ , it is impossible to construct the elliptic deformation of 
the transfer matris T{z) as the same manner as [1]. Hence our method of construction 
should be completely different from those of [1] . Instead of considering the transfer mtrix 
T{z), we directly give the integral representations of the integrals of motion X„,^„ for 
the deformed Virasoro algebra. The commutativity of the integrals of motion are not 
understood as a direct consequence of the Yang-Baxter equation. They are understood 
as a consequence of the commutative subalgebra of the Feigin-Odesskii algebra [5] . 

We would like to mention about two important degenerating limits of the deformed 
Virasoro algebra. One is the CFT-limit[l] and the other is the classical limit [6]. In the 
CFT-limit V.Bazhanov, S.Lukyanov and Al.Zamolodchikov [1] constructed infinitly many 
integrals of motion for the Virasoro algebra, as we mentioned above. In the classical limit, 
the deformed Virasoro algebra degenerates to the Poisson- Virasoro algebra introduced by 
E.Frenkel and N.Reshetikhin [6]. In the classical limit, E.Frenkel [7] constructed infinitly 
many integrals of motion for the Poisson- Virasoro algebra. 

The organization of this paper is as follows. In Section 2, we review the deformed 
Virasoro algebra, including free field realization, screening currents [3, 4]. In Section 3, 
we give explicit formulae for the local integrals of motion In, and show the commutation 
relation [Im,In] — and Dynkin-automorphis invariance r]{In) — ^n- In Section 4, we 
give explicit formulae for the nonlocal integrals of motion Qn, and show the commutation 
relation [Qm, Qn\ = 0, [X^, = and the Dynkin-automorphis invariance ri{Qn) = Qn- 
In Section 5, we study specialization to s = 2. We discuss about relation to the Poisson- 
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Virasoro algebra [6, 7] and compare our results with those of CFT by [1]. In Appendix 
we summarize the normal ordering of the basic operators. 



2 The Deformed Virasoro Algebra 

In this section we review the deformed Virasoro algebra and its screening currents [3, 4]. 

Wc prepare the notations to be used in this paper. Throughout this paper, we fix generic 
three parameters 0<x<l,rGC and s G C. Let us set z = x^". Let us set r* = r — 1. 
The symbol [u]r for Re(r) > stands for the Jacobi theta function 



[u]r = ^'^~" ^^2r''.^2r--)3 ' '^qi^) = i^'^ (l)ooiqz'^ ] q)ooiq; q)oc, (2.1) 

where we have used the standard notation 

oo 

{z;q)^ = l[{l-q^z). (2.2) 

j=0 

We set the parametrizations r, r* 

X = e"^^/'-^ = g-TT^/rV* _ ^2.3) 

The theta function [u]r enjoys the quasi-periodicity property 

[u + r]r = -[u]r, [u + rT]r = -e-'^^^'^^M,. (2.4) 
The symbol [a] stands for 

2.1 Free Field Realization 

Let Pm^Pm be the oscillators (m e Z^o) with the commutation relations 

[P'n:PL] = -^^[^^"''''^^"'^^"+-.0(1 = ^^^' = 2)- (2.7) 

Let P, Q be the zero mode operators with the commutation realtions 

[P,iQ] = 2. (2.8) 
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Let us map rj on this algebra by 

V{(3l)=x-'"^PI, 7j{Pi)=x^"^Pl, V{P) = -P, V{Q) = -Q- (2.9) 

It preserves the commutation relation, = [v{Pn),v(PL)]^ [P,'^Q] = [^(-P), ^(^Q)], 

T)^ — id. In what follows we call the map 77 Dynkin-automorphism. 

We deal with the bosonic Fock space Ti,k{l, A; e Z) generated by P^_^{m > 0, i = 1, 2) 
over the vacuum vectors \l,k) : 

f3i\l,k) = 0,(m>0,j = l,2), (2.10) 

r 



P\l,k) = {l^--k^-)\l,k), (2.11) 

\l,k) = e^^V^-''^^^^\0,0). (2.12) 

We use the abberiviation n — \Jrr*P . In what follows we work on the Fock space Ti^^ 
with fixed values Z, A; e Z. 

2.2 The Deformed Virasoro Algebra 

Let us set the fundamental operators Aj(z) (j = 1,2) associated with vertex of Dynkin- 
diagram of the affine symmetry J^l^ 

Ai(^) = : exp I J] —{x'"^ - x-'''^)^l,z-'^ ) :, (2.13) 

K2{z) = X* : exp [ ^ —{x^"^ - x'"''") Pl^z'"^ J : . (2.14) 

Here the symbol : * : stands for usual normal ordering of bosons, i.e., with m > 
should be moved to the right. Let us set the operators Ti{z),T2{z) by 

T,{z) = Ai(z) + A2{z), T2{z) =: M{x-'z)A2{xz) : . (2.15) 

Proposition 2.1 The operators Tj{z) {j = 1,2) satisfy 

fiiiz2/zi)T,{z,)T^{z2) - fnizi/z2)T^{z2)T,{z^) 

= c{6{x^Z2/z,)T2{x-'zi)-6{x^zi/z2)T2{x~h2)), (2.16) 
fi2{z2/zi)T,{zi)T2{z2) = f2i{zi/z2)T2{z2)T,{zi), (2.17) 

f22(z2/zi)T2(zi)T2(z2) = f22(zj Z2)T2(z2)T2(zi) . (2.18) 



Here the structure functions fij {z) and the constant c are given by 



Mz) = exp -(1 - - x-^-*-) ^ _ ^^^^^ ^ z-j , (2.19) 

= exp -(1 - - j = /2i(.),(2.20) 



f22{z) 



(1 (2.22) 



(1-^2) 

Note that the structure functions j\\{z)^ fviiz) = f2i{z) and f22{z) enjoy the fusion prop- 



erties 



1 ( rp2s 2 y. ^2s\ ( rp^T y. ^2s\ ( ^ 2t y. ^2s\ 

/lll^J — n _ y\ (rf.2y. rf.2s\ TZ2r*+2sZ7Z2s\ ('^2s-2r ^2s^ ' {^-^O) 

h2{z) = ^"^''l^'^'l''"'^^ - /2i(^). f22{z) ^ Ux-'z)Uxz), (2.24) 
where we have set 

(1 — X2;)(l — X ^z) 
The Dynkin automorphism 77 acts on Aj (2;) as 

77(Ai(^)) = A2(x^^), ?7(A2(^)) = Ai(x-^^). (2.26) 

Definition 2.1 The deformed Virsoro algebra is defined by the generators Tm , 
Tm\ {rn e Z) with the defining relations (2.16), (2.17) and (2.18). Here we should 
understand Tm , Tm as the Fourier coefficients of the operators Ti(z) — ^rnez'^^^ > 

T2{z)=T.me^T^^^-'^- 

2.3 Screening Current 

We introduce the screening currents Fj{z),Ej{z) {j — 0, 1) as 

F^{z) = e'V^^z'^'^^ : exp [ J] i(/3^ - p'Jz-A :, (2.27) 



6 



-v^Q^-i^+^ . exp (j2 I 

: exp - > -±-±{p^ - j3l)z 
\ ^-^ m \r*m\ 

Eo{z) = e'^^z^*+^ : exp j - ^ 



1 [rm] 



m r"m 



(2.28) 
(2.29) 
.(2.30) 



We summarize convenient commutation relations 

-Pi] - 



\rm 



m- 



m- 



(2.31) 

+ a:(i-^)"^)5^+„,o,(2.32) 
(a:™ + a;-™)5^+„,o. 



[rm] 



(2.33) 



The Dynkin- automorphism r] maps the screening currents as 

r^{F,{z)) = F,{z), r^{F,{z)) = F,{z), r^{E,{z)) = E,{z), r^{Eo{z)) = E,{z). (2.34) 

The adjoint actions of the operator Ti{z) — ^i{z) + ^2{z) on the screening currents 
Fj{z), Ej{z) can be regarded as the differences of currents A{z),B{z). 

Proposition 2.2 The adjoint actions of Aj{z) on the screenings Fj{z), Ej{z) are 



[Al(^l),i^l(^2)] = 


[X 


- x'" )b{x'' Zxj Z2)A{X ''Z2), 


(2.35) 


[A2{Z1),F,{Z2)] = 


< r* 

[x - 


- X''''*)5(x'~'^Zi/z2)A(x'^Z2), 


(2.36) 


[Ai{z,),Fo{z2)] = 


[x - 


-x-^*)S{x-'+'z,/z2MA{x'-Z2)), 


(2.37) 


[A2{Zl),Fo{z2)] = 


[x 


-x'■')^ix'-'z^/z2)viA{x-'■z2)), 


(2.38) 


[A,{zi),E,{z2)] = 


[x — 


x-')5{x-'''zrlz2)B{x'-'z2), 


(2.39) 


[A2{z,),E^{z2)] = 


[x 


- x''')6{x''* zi/z2)B{x~''* Z2), 


(2.40) 


[Ai{zi),Eo{z2)] = 


[x 


-x'-)S{x'-''+'zi/z2HB{x-'-*Z2)), 


(2.41) 


[A2{Zi),Eo{z2)] = 


[x — 


x-n5(x-^*-'zJz2HB(x^*Z2)). 


(2.42) 



Here we have set 
A{z) = e' 

B{z) = e 



V^Q^i*+^:exp('5^1(,x'^-/3j^ 



1 [rm] 
m [r*m] 



Pm "I" 0m) ^ 



(2.43) 
(2.44) 



Proposition 2.3 For regime Re(r) 
Fj{z) are given as 

[Ul - U2]r 



> 0, the commutation relations of the currents 



[Ui -U2- l]r 



2\r 



[Ui -U2 + 

For regime Re(r) < 0, we have 

[Ui - U2]- 



Fj{zi)F,{z2) 
Fo{zi)Fi{z2) 



[lil - 1*2 - f + l]-r 



[Ui -U2- §]- 

For regime Re(r*) > 0, we have 
[ui - U2], 



F^{zi)Fj{z2) 
Fo{zi)Fi{z2) 



[ui -U2 + l\ ^ 

[m1 - M2 - f + 1] 



[Ui -U2- f ]r- 

For regime Re(r*) < 0, we have 

[ill - 112]-, 



Ej{z,)E,{z2) 
Eo{zi)Ei{z2) 



[Ui —U2 — 
[lil - 1*2 + I - l]-r* 



[u-i -U2 + 

We have 



Ej{z,)Ej{z2) 
Eo{zi)Ei{z2) 



[U2 - Ui\r 
[U2 -Ui-l] 
[1*2 - lil + I - 1] 



[lt2 -Ui + 



Fj{z2)Fj{z,), (j = l,2) (2.45) 
Fi{z2)Fo{zi). (2.46) 



2\r 



[U2 - Ui]_r 
[U2 - Ml + 1]- 
[u2-Ui-^ + 1] 



[1*2 - Ul 



[U2 - Ui]r* 
[U2 - Ml + 1] 
[1/2 - Ml - I + 1] 



F,iz2)Fjizi), (j = 1,2) (2.47) 
Fi{z2)Fo{zi). (2.48) 



[m2 - Ml - f ] 



E,{z2)E,{zi), (j = 1,2) (2.49) 
Ei{z2)Eo{zi). (2.50) 



["2 - "l]-r- 
[m2 - Ml - 1]. 
[m2 - Ml + I - 1] 



[m2 - Ml + |]_ 



Ejiz2)E,{zi), (j = l,2](2.51) 
Ei{z2)Eo{zi). (2.52) 



[Ei{zi),Fi{z2)] 
_ _^ {5{xz2/zi)H{x''z2) - S{xzi/z2)H{x~''z2)), 

[Eo{zi),F^{z2)] 



X — X' 



-{5{xz2/ Zi)r}{H{x'' Z2)) - 6{xzi/z2)rj{H{x ''Z2))). 



Here we have set 



H{z) = e ^'^z ^/^^+^ • 



^ m \r*m\ 



(2.53) 
(2.54) 

(2.55) 



We have 



Ei{zi)Fo{z2) = Fo{z2)Ei{zi), Eo{zi)Fi{z2) = Fi{z2)Eo{zi). 



(2.56) 



2.4 Comparsion with another definition 

At first glance, our definition of the deformed Virasoro is different from those in [3]. In 
this subsection we compare two definitions, and show they arc csscntiaUy the same thing. 
We show that operators Ti{z),T2{z) are reahzed as the tensor product of the deformed 

Virasoro algebra Vir^ j, (g = x^^,t = x^^~^) and a proper operator Z{z). Let us set the 
auxiliary bosons B^, by 

= f^'m-€, (2.57) 

Bl = x^Pi + x-^Pl (2.58) 

We have 

[Bl B'J = npi(x" + x~nSm+n,o, [Bl Bl] = 0, (2.59) 

[rn\ 

[Bl Bl\ = ^ [^*^][(^ -2)^] (^n ^ ^-n)5^^^^^ (^^ ^ g 2^^). (2.60) 
Then we have the following decomposition 

A,{z) = Ar (^)Z(^), A,{z) = Af ^(^)Z(z), (2.61) 

where we have set 

T.- l'l-^ BU^cz)-'"]:, (2.62) 

- E - ,„ + "^„ g^(^''^r'" (2-63) 

(1 ™rm rp~rm \ 

Here we have 

Ti{z) = T''^{z)Z{z), T2{z) =: Z(x-^^)Z(xz) :, (2.65) 

where 

T^^(^) = Af^{z) + A^^(;2). (2.66) 
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Proposition 2.4 The operator T^^ [z) is the generting function of the deformed Vira- 
soro algebra Virq^t defined in [3] with q — x'^^, t — x^''"^ 

f^^{z,/z,)T^^{z^)T^''{z,) - f^''{z,/z,)T^''{z,)T^''{z,) 

= c{d{xh2/zi) - b{xH^lz-,)\ (2.67) 



where 



\m=\ ^ ' 



(1 - 



(2.69) 



We have 



T^''{z,)Z{z,) = Z{z2)T^''{z,), (2.70) 
f^{z2/zi)Z{z,)Z{z2) = f^{z,/z2)Z{z2)Z{zi), (2.71) 



where 



-E- ^ ! 2 N^^^ 2 N ^^""^ ■ (2-72) 

(l-a;2^'")(l + a;2"») y ^ ^ 

Therefore three parameter deformed Virasoro algebra Ti{z),T2{z) is reaUzed as an exten- 
sion of two parmeter deformed Virasoro algebra T^^{z). Note that upon the specializtion 
s = 2 we have 

[BlBl]^0, [BlBi]^0, f^{z) = l. (2.73) 
Hence we can regard B^ = and ri(^) = T^^ {z),T2{z) = 1. 

3 Local Integrals of Motion 

In this section we construct the local integrals of motion In and 2*. We study the generic 
case : 0<x<l, reC and Re(s) > 0. 

3.1 Local Integral of Motion 

Let us set the function h{u) and h*{u) by 

^ _ [uUu + rl [uUu-r% 



where we have set z — x^". We have h*{u) — h{u) 
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Definition 3.1 We define In for regime Re(s) > 2 and Re(r*) < by 

In^ [ ••• / % n h{uk-uj)T^{z,)---T,{zr,) (n^l,2,---). (3.2) 

Here, the contour C encircles Zj — Q in such a way that Zj — x"^''*"^^*'^^ {I — 

0, 1, 2, • • •) is inside and Zj — x^^^^'z^, x^'^* "'^^^ z^ {I — 0, 1, 2, • • •) is outside for 1 ^ j < 
k ^n. We define I* for regime Re(s) > 2 and Re(r) > by 

% . n h*{u,-u,)Uz,)---T,{z^) (n=l,2,---). (3.3) 

r/ie contour C* encircles Zj = in such a way that Zj = x~'^~^'^^''Zk, x'^^^'^^^'Zk (/ = 1, 2, • • •) 
is inside and zj = a;^^^'*'^^, a;^^''^^*'^^ (/ = 1, 2, ■ ■ ■) is outside for 1 ^ j < k ^ n. 

We call In and X* the local integrals of motion for the deformed Virasoro algebra. The 
definitions of 1^1^ /'^'^ generic Re(s) > and r e C should be understood as analytic 
continuation. 

We have the involution I^ — Xm\r-*-r* ^-nd 1m — 1m\r*-^-r- The foUowings are some of 
Main Results of this paper. 

Theorem 3.1 The local integrals of motion and I* commute with each other 

[In,Im] = [KXJ = {m,n= 1,2,- ■■). (3.4) 

Theorem 3.2 The local integrals of motion X„ and X* are invariant under the action 
of the Dynkin- automorphism 

v{Tn)=1n, r,{Xl)=Xl (n=l,2,---). (3.5) 

Conjecture 3.3 

[X^,2:]=0 (m,n = l,2,---). (3.6) 
3.2 Another Formulae 

In this subsection we prepare another formulae of the local integrals of motion X„. Be- 
cause the integral contour of the definition of the local integrals of motion X„ is not 
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annulus. i.e. \x~'^Zk\ < \zj\ < \x^Zk\, the defining relations of tlie deformed Virasoro 
(2.16), (2.17), (2.18) should be used carefully. Hence, in order to show the commutation 
relations — 0, it is better for us to deform the integral representations of the 

local integrals of motion In to another formulae, in which the defining relations of the 
deformed Virasoro (2.16), (2.17), (2.18) can be used safely. 

Let us set the auxiliary function s(z) and s*(z) by h(u) = s{z)fii{z), h*{u) = 
'S*(-2)/ii(-2), where h{u) and fii{z) are given in the previous section. We have explic- 
itly 

and 

(y.^2s\ ( 2s+2r* . 2s\ (-i/y.^2s\ ( 2s+2r* / . 2s\ 

^*(^^ ^2r V^)-'' Jco'y'j ■<'t'j Joo ^ {■'-/■^t'^ Joo\-'j I^i-'^ Joo (3 8) 

^oo^'^ X',a/ ^(X) \^ Joo\^ / ^7 Joo 

Let us introduce a "weak sense" equality 

Definition 3.2 We say the operators V{zi, Z2, - ■ ■ , Zn) and Q{zi, Z2,---, Zn) are equal 

in the "weak sense" if 

Yl s{Zj/Zi)V{Zi,Z2r ■ ■ :Zn) = s{Zj / Zi) Q{zi, Z2, ■ ' ' : Zn) ■ (3.9) 

We write V{zi, Z2, - ■ ■ , Zn) ~ Q(^i, ^2, • " " > ^n); showing the weak equality. 

For example 5{zi/z2) ~ and ^^\^^ 5{zi/ Z2) ~ 0. 

Let us set the auxiliary functions gn^z) gi2{z) and ^'22 (-2) by fusion procedure 

gi2{z) = gii{xz)gii{x~'^z) = g2i{z), g22{z) = g2i{x~'^z)gi2{xz), (3.10) 

where ^"11(2;) = fii{z) is defined in Proposition 2.1. 

Proposition 3.4 The following equalities hold in the weak sense 

6{x'^Z3/z2)gi2ix~^Z2/Zi)Ti{zi)T2{x~^Z2) d{x'^Z3/z2)g2lixZi/ Z2)T2{x~^Z2)Ti{zi), 

(3.11) 

II S{x''zj/zi)g22{z2/zi)T2{zi)T2{z2) ~ n Hx''zj/Zi)g22{zi/Z2)T2{Z2)T2{ZI).{3.12) 
j=3,4 j=3,4 
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Proof. By defining relation of tlie deformation of the Virasoro algegra, we have 

gi2{x~^ Z2/ Zi)Ti{zi)T2{x~'^ Z2) - g2i{xzi/z2)T2{x~^z2)Ti{zi) 
= Mx-'z2/zi){5{z2/zi) - 5{x-^Z2/zi))Ti{zi)T2{x-'z2), (3.13) 

where we have used delta-function relation 

A(^) - A(^-^) = c{S{xz) - S{x-'z)), A{z) = 'fl'^f^^l I ^'^J^' ■ (3-14) 

Because ni^i<j^3 s{Zj/Zi)S{x'^Z3/z2)fl2{x~^Z2/zi){S{z2/zi)-S{x~'^Z2/zi))Ti{zi)T2{x~^Z2) = 

0, we conclude the first equation of proposition. The second equation is obtained in the 
same manner. Q.E.D. 

Let us introduce 5'„-invariant in the "weak sense" . 

Definition 3.3 We call the operator V{zi, Z2, ■ ■ ■ , Zn) is Sn-invariant in the "weak 
sense" if 

V{zi,Z2,- ■ ■ ,Zn) ^ 'P{Za(l),Z„(2),- ■ ■ ,Z^(n)), (cxGS'n). (3.15) 

Example The operator 02{zi,Z2) — gii{z2/ zi)Ti{zi)Ti{z2) — c5{x'^Z2/ zi)T2{x~^zi) is 
5'2-invariant. 

In what follows we use the notation of the ordered product 

\{Ti{zi) = T-,{zi,)T-,{zi,) ■ ■ ■ T,{zi„), (L = {h, • • • , Qh < k < ■ ■ ■ < In})- (3.16) 

Let us set the auxiliarry operator On{zi, Z2, ■ ■ ■ , Zn) by 

X n n T2{x-'zj) (3.17) 

X J]^ gii{zklzj) JJ g-nWIzj) J]^ gi^ix'^zi.lzj), 

l^j<fc^n l^j<fc^n l^j'jfe^n 
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where the summation J2ai ■■■ Ac, taken over the set Ai, A2, ■ ■ ■ , A„ C {1, 2, ■ ■ ■ , n} such 
that Aj n Ak ^ (p {1 S j k ^ a), \Aj\ = 2 (1 ^ j ^ a), and Min{Aj) < 
Min{Ak) {1 S j < k S a). We have set = {Min{Ai),- ■ ■ ,Min{A^)}, Auax = 

{Max{Ai), Max(Aa)}, and A ^ AiU A2U ■ ■ ■ U A^. 
Example We summarize the current 0„ very exphcitly for n = 1, 2, 3, 4. 

0,{z,) = T,{zi), (3.18) 

02(^1,^2) = guiz2/zi)Ti{zi)Ti{z2) - c6{x'^Z2/zi)T2{x'^zi), (3.19) 

03(2:1,^2,^3) = gii{z2/zi)gu{z3/zi)gu{z3/z2)Ti{zi)Ti{z2)Ti{zs) 

- cgi2{x-^Z2/zi)Ti{zi)T2{x-^Z2)5{x^Z3/z2) 

- cgi2ix-'zi/z2)n{z2)T2ix~hi)5ix''z3/zi) 

- cgi2{x-'z,/zs)T,{z3)T2{x-'zi)6{xh2/zi), (3.20) 

0^{zi,Z2,zs,z^) = Yl gnizk/zj)T,{zi)Ti{z2)T,{zs)T,{z^) 

- cgu{z2/ zi)gi2{x~^ Z3/ zi)gi2{x~^ Z3/ Z2)Ti{zi)Ti{z2)T2{x~^ Z3)d{x^ Z4/ Z3) 

- cguizs/ Zi)gi2{x''-^ Z2/ zi)gi2{x~-^ Z2/ Z3)Ti{zi)Ti{z3)T2{x'~'^ Z2)S{x'^ Z4/ Z2) 

- cgii{z4^/ zi)gi2{x'^ Z2/ zi)gi2{x~^ Z2/ Zi)Ti{zi)Ti{zi)T2{x~^ Z2)5{x^ Z3/ Z2) 

- Cgii{z3/ Z2)gi2{x~^ Zi/ Z2)gi2{x'^ Zi/ Z3)Ti{z2)Ti{z3)T2{x~^ Zi)5{x^ Zi/ Zi) 

- Cgii{zA/ Z2)gi2{x~'^ Zi/ Z2)gi2{x~^ Zi/ Za)Ti{z2)Ti{za)T2{x~'^ Zi)8{x'^ Z3/ Zi) 

- cgxi{zA/ Z3)gx2{x~^ Zi/ Z3)gx2{x~'^ Zx/ Za)Ti{z3)Tx{za)T2{x~'^ Zi)5{x^ Z2/ Zi) 
+ g22{z3/ Zi)5{x^ Z2/ Zi)5{x^ Z^/ Z3)T2{X~^ Zi)T2{x~^ Z3) 

+ g22{z2/ Zl)5{x^ Z3/ Zi)8{x^ Zi/ Z2)T2{X~'^ Zi)T2{x~'^ Z2) 

+ c^g22{z2/zi)5{x''zi/zi)5{x''z3/z2)T2{x-\i)T2{x~^Z2). (3.21) 
Proposition 3.5 The operator On defined in (3.17) is Sn-invaricint in the weak sense. 

0„{zi,Z2,- ■ ■ ,Zn) ^ OniZa{l),Z^^2),- ■ ■ ,Z^^n)) {(JeSn). (3.22) 

Before showing the complete proof, we consider some simple examples as warming-up 
exercise. When n = 2 case, 02(^1,-22) = 02{z2, zi) is exactly the same as the defining 
relation of the deformed Virasoro algebra Proposition 2.1. When n — 3 case, it is enough 
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to show S'3-mvariance for two generators a — (1, 2), (2, 3). Let us study the case a — (1, 2) 
case. We have 

0-i{zx, Z2, 2:3) - Oz{z2, Zi, Z^) 

= gii{zz/ zi)gii{zi/ Z2){gii{z2/ zi)Ti{zi)Ti{z2) - gii{zi/ Z2)Ti{z2)Ti{zi))Ti{zz) (3.23) 

- cT^{z^){g^2{x-^z^/z^)T2{x-^z^)5{x''z2/z^) - g^2{x-^Z2/z^)T2{x-^Z2)5{x''zJz2)). 

Changing the ordering of Ti (2:1 )Ti (2:2), 21(^2)21(^1) and 21(^3) in the first term, we have 
the following in the "weak sense" 

Ti{z^)gii{zi/ z^)gii{z2/ Z'i){gii{z2/ zi)Ti{zi)Ti{z2) - gii{zi/ Z2)Ti{z2)Ti{zi)) (3.24) 

- cTi{Zi){gi2{x~^ Zi/ Z^)T2{X~'^ Zi)5{x'^ Z2/ Zi) - g\2{x~^Z2/ Z^)T2{x~'^Z2)5{x'^ Zi/ Z2)). 

Substituting the defining relation of the deformed Virasoro algebra (2.16), (2.17), (2.18) 
in Proposition 2.1, we have 

cT^{z:i)gu{zi/z^)gii{z2/z^){T2{x-^zi)5{x^Z2/zi) - T2{x-^ Z2)5{x^ z^/ Z2)) (3.25) 
- cTx{z:i){gi2{x~^ zi/ z^)T2{x~'^ zi)5{x^ Z2/ zi) - gvAx"^ Z2I z-^T2{x~^ Z2)ii{x^ zxj Z2)) = 0. 

Here we have used the fusion relation gi2{z) — gii{x''^z)gii{xz). The case a — (2,3) is 
similar. 

Proof. We show S'„-invariancc in the weak sense for general n case. It is enough to prove 
theorem for generators a = + 1) {1 ^ i ^ n — 1). At first we prepare convenient 
formula. Moving Ti{zi) and Ti(^j+i) to the right, by using Proposition 2.1, we have 

{Ti{zi)Ti{zi+i)gn{zi+i/zi) - Ti{zi+i)Ti{zi)gn{zi/zi+i)) 

n 

X Ti{zi+2) ■ ■ ■ Ti{zn) n 9ii{zj/zi)gu{zj/zi+i) ~ cTi{zi+2) ■ ■ ■ Ti{zn) (3.26) 

j=i+2 

n n 

X {S{x'^Zi+i/Zi)T2{x'~'^Zi) Yl g2l{x~^Zi/Zj) - S{x'^Zi/Zi+i)T2{x~^Zi+i) Yl 92l{x~'^Zi+i/Zj)). 

j=i+2 j=i+2 

Let us study On{zi, ■ ■ ■ , Zi, Zi+i, • • • , Zn)-On{zi, • • • , Zi+i, Zi,---, Zn). Collecting Ti{zi) ,Ti{zi+i) 
and T2{x~^ Zi) .iT2{x~^ ZiJ^i) in the center, by using Proposition 2.1 and Proposiotion 3.4, 
we have 

Cn('2'l) ■ ■ ■ ) -2-1) -2-1+1) ■ ■ ■ ) -S-n) ^n(-2'l) ' ' ' i Zi-j-l, Zi, • • • , Z^) 
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«=0 Ai,A2,-,Ac,-i<Z{l,2,-,n}-{i,i+l} l^j^a 

X Ti(zj)(5(ii(2;j+i/^i)Ti(2;i)Ti(2;i+i) - 5(ii(^i/2;i+i)ri(2;i+i)ri(2;i)) J]^ T2(a;"^2;fc) 

X JJ giiizk/zj) Yl 9nizi/zj)gu{zi+i/zj) JJ t/i2(a:;~^^fcAj) JJ 922{zk/zj) 

[?] 

s . t S-j/ — { i , i + 1 } for some -y j^B 

- n 9l2{x~'^Zi+i/Zj) Yl g22{.X~^Zk/Zi+i)T2{x~^Zi+i)5{x^Zi/Zi+i)) 

X r2(x~^2;fe) gii{zk/zj) Yi g22{zk/zj) Yl gi2{x~^Zk/zj). 

l*^fc<n l^j<A;^n l^jKk^n l^j.k^n 

%Jl 3,k^B i,k^i k^i 

(3.27) 

In the second sum, the operator part is deformed by the fusion relation of coefficients 
functions. 

Y\ gi2{.X~^Zi/Zj) Y\ g22{.X~^Zk/Zi)T2{x'^Zi)5{x^Zi+i/Zi) 

j^B k^i 
keB^fi. 



Yl 912{X ^Zi/Zj) Yl 922{X ^Zk/Zi+i)T2{x ^Zi+i)6{x^Zi/Zi+i) 

j^B k^i 

Yl gii{zi/zj)gu{zi+i/zj) Yl gi2{x~^Zk/zi)gi2{x~^Zk/zi+i) 



j^B k^i 



X {T2ix-^Zi)5{x^Zi+i/zi)-T2ix-^Zi+i)S{x''zi/zi+i)). (3.28) 

Substituting this into the second sum in (3.27) and changing the summation variable 
/? = a + 1, we conclude On{zi, ■■■ ,Zi, Zi+i, ■••,Zn) ~ On{zi, ■■■ , Zi+i, Zi,---, z^) is direct 
consequence of the commutation relation of Ti{z) in Proposition 2.1. Q.E.D. 
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Let us set the formal power series A{zi, Z2, • • • , Zn) by 



^1 1" ' t^n^^ 



^^2 ^k„ 



(3.29) 



We define the symbol [• • ■]i,zi-z„ by 

[A{zi, Z2,--- , Zn)]i^^^...^^ = ao,o,-,o- 



(3.30) 



Let us set D = {(zi, • • • , z„) e C"| Efei,.,fe„ez |afci,-,fen^t'4' • • • < When we 

assume closed curve J is contained in D, we have 



[>l(^l,^2, • ■■,Zn)\l 



I Lt 



27ly/^Z 



-A{Zi, Z2,---, Zn)- 



(3.31) 



Let us set the auxiliary functions, sii{z) — s{z), hii{z) — h{u), and 

suiz) = S2i{z) = sii{x'^z)su{x^z), S22{z) = Su{x~^ z)sii{zf Su{x'^ z) , (3.32) 
hi2{z) = h2i{z) = hu{x~'^z)hu{x'^z), h22{z) = hii{x~'^z)hu{z)'^hii{x'^z). (3.33) 

We will use the following formulae of the local integrals of motion to show the com- 
mutation relations, [X^,X„] — [Xj^,X*] = 0. 

Theorem 3.6 For Re(s) > 2 and Re(r) < 0, the local integrals of motion X„ are 
written as 



T = 



JJ s{Zk/Zj)On{zuZ2.,--- ^Zn) 



(3.34) 



For Re(s) > 2 anc? Re(r*) > 0, the local integrals of motion I* are written as 



T 



Y[ S*{Zk/Zj)On{zi,Z2, - ■ ■ ,Z„) 



(3.35) 



Proof. We start from 



(3.36) 



i<j<fe^Ar 
where C is given by 

C : < \zj\ < \x~'^~'^^Zk\, \x'^Zk\, \x'^^* Zk\ j < k ^ n).(3.37) 
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Let us take the residue at Zn = x "^zj (1 ^ J ^ n — 1). We have 



T = 



-Q dzj 



n n ^i^^j) 



n-1 



- E 



j=i 



n ^ ?^Res, 



Here the contours C'(J), (l^J^n — 1) are given by 



(3.38) 



Zn=X 'Zj 



\x' 


~^Zk\ < 


\Zn 


< 






\x' 


~'^Zk\ < 


1 Zfi 


< 






\x' 


~^Zk\ < 




< 


\x'^Zk\ {1 S j < k - !)■ 


(3.39) 


The region {{zk.Zn) G 


X~^Zk\ 


< 


Zn 1 


< Ix"^'"^" Zk\} for J ^ k ^ n, 


arc annulus. Hence 



defining relations of the deformed Virasoro can be used. Hence wc can use the foUowing 
relation, which is derived by defining relations of the deformed Virasoro algebra. 



ReSu;2=a;-2^;j 



M 



dW2 
W2 



' M \ 

J]^ h{uj - vi)h(v2 - Uj) I h(v2 - vi) ■ Ti(wi] 



( 



\ 



n 



( 



cWh2\ {xzj/wi) ■ T2{x ^Wi) 



n Ti(zj) 



Ti{w2) 



(3.40) 



By the same arguments as above, we can use the weak sense relation 

6{x'^Z3/z2)gi2{x'^Z2/Zi)Ti{zi)T2{x'^Z2) ~ d{x'^Z3/z2)g2i{xzi/z2)T2{x'^Z2)Ti{zi). 
Hence we have 



i» = f - L n 

J Jc(i) 7_i 



dzi 



n—1 „ „ n— 1 



dzi 



i=i Sttv^^j 



C(J) j=i V -'-J i^j<fcg„ 



Yl hii{zj/zk) hi2{x ^zj/zk) 



l^fc^n-l 



X n T^{z,)-T2{x-'zj). 



(3.41) 
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Here the contours C( J) for 1 ^ J ^ n — 1 are given by 

< \zj\ < \x-^'^^Zk\ (l^k^ J ^n-l), 
\x~'^Zk\ < \zj\ < \x'^Zk\ {1 < k ^n-l;j,k ^ J). (3.42) 

Repeating the same arguments for Zn-i, Zn-2, ■ ■ ■, we have this theorem. Q.E.D. 
3.3 Proof of [ImM = [Xl,Xn\ = 

In this section we show the commutation relation [X^jT^] = [Xj^, J*] = 0. 
Proposition 3.7 

^ni^lj ' ' ' ■> ^n)Om{^n+lj ' ' ' ■> ^n+m) "7 7 1 \^n+m{Zlj'''iZn+m)- (3.43) 

Proof This is direct consequence of the following explicit formulae 

+ t E E n ^-.fe) n n ^ 

X n n 922{zk/zj) Yl 9i2{x'^Zk/zj). (3.44) 



l^j<fc^n+m l^j<fc^n+m l^j,fc^n+Tn 

j,kiLUR j,keL keLJ^LUR 

Here we have set the index L{t) and i?(i) by L = {^(1) < L{2) < • • • < -L(q;)} and 
{R(l) < R(2) < ■■■ < R(a)}. Q.E.D. 

Proo/ 0/ Theorem 3.1 At first we restrict ourself to the regime, Re(s) > 2 and Re(r) < 0, 
in order to use the power series formulae of the local integrals of motion, X„. In Proposi- 
tion 3.5 we showed 

JJ s{Zk/Zj)On{zx, • • • , Z„) = JJ s{z^^^k)/Za{j))On{z„(i), • • • , ^^(„)) ((7 G 5'„)(3.45) 

Hence we have 
I -I 
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) n ^{^^1^3)0 



1)2^1 ' "^n+m 



n n+m 



2 - - I 

E n n 



{n + m) 



O-eSn+m j=l fe=n+l 



ij<k^n+m 



(3.46) 



Hence the commutation relation In'^m — ^m'^n is reduced to the following theta identity. 



LHS (n,m) = RHS (n,m) 



where we have set 

LHS(n, m) 

RHS (n,m) 



E nn 

JC{l,2,- -,n+m} jeJ fe^J 
\J\=n 

E nn 

JCC{1,2, •■,n+m} jeJ= k^J" 



[uk - Uj + l]s[uk - Uj + r*], 



[ttfc - Uj + l]g[-»fc - % + r* 
[uk - Uj]s[uk - Uj + r]s 



(3.47) 

(3.48) 
(3.49) 



where we have used h{u) — j^J^^^^^^^- LHS(n, m) and RHS(n, m) are an eUiptic func- 
tions. Therefore, from Liouville thorem, it is enough to check whether all the residues of 
LHS(n, m) and RHS(n, m) coincide or not. Candidates of poles are — up {a^ 0) and 

Ua — Uj3 — r [a ^ P). Let us consider Ua = Ujs {a ^ f3) 

jrjor \ , [Ua - Uf3 + l]s[Ua - Ug + r*]s [up - Ua + l]s[Ul3 - Ua + r*]s 

LitioyrijTn) — I ; — ^ h 



X 



[Ua - Ui3]s[Ua - Up - r\s [up - Ua]s[up - Ua - r]< 

[uk - Uj + l]s[uk - Uj + r*]s 



E nn 

JUJC{l,...,n+m}-{a,/3} jeJ kiJ 
|J|=n-l ^ 



[uk - Uj\s[uk - Uj + r]< 



(3.50) 



Hence we have ReSu^=u^LHS(n, m) — 0. As the same manner we have Res„^=„^RHS(n, m) = 
0. Therefore Ua = up is not pole. We only have to consider poles Ua = up {a ^ (3). We 
show the LHS(n,m) = RHS(n, m) by the induction of the number n + m. We assume 
n > m ^ 1 without loosing generality. At first we show the starting point n > m = 1. 

n+l n+l r , ii r , *l n+1 n+1 r , ii r , *1 

^1=1 [uj - UkUuj - Uk + r]s {^"^7=1 [uk - UjUuk - Uj + rl 

Both LHS(n, 1) and RHS(n, 1) have simple poles a,t Ua — up — r {a (3) modulo Z + Zr. 
Beacuse both LHS(n, 1) and RHS(n, 1) are symmetric with respect with ui, U2, - ■ • , Un+i, 
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it is enough to check the pole at U2 — ui — r. We have 



Res 



U2=ui—r 



LHS(n, 1) = Res „2=Mi-rRHS(n, 1) 



TT [""i - «i + -ui + r% 



= ReSu=o- 



-r . u 



n 

J=3 



[uj - ui]s[uj - Ml + r], 



(3.52) 



We have shown n > m — 1 case. We show general n > m ^ 1 case. We assume the 
equation LHS(n, 1) = RHS(n, 1) for some {m,n). Beacuse both LHS(n + l,m + 1) and 
RHS(n + l,m + 1) arc symmetric with respect with Ui,U2, ■ ■ ■ ,Mn+m+2i it is enough to 
check the pole at U2 = ui — r. Let us take the residue at U2 = ui — r for (m + 1, n + 1). 

^ [uk - Uj + l]s[uk - Uj + r*]s 



Res 



U2=ui—r 



E nn 

JC{l,2,--,n+m+2} jeJ MJ 
\J\=n+l 



E nn 

JCC{l,2,--,n+m+2} j^Jc ^4Jc 
\jc\=m+l 



[uk - Uj\s[uk - Uj + r] 



[uk - Uj + l]s[uk - Uj + r% 
[uk - Uj\s[uk - Uj + r]s 



\ 



n+m+2 



= n 



\u 



j - ui + l]s[uj - Ml + r% 



J=3 



- ui\s[uj - Ml + r], 



(3.53) 



X 



E nn 

JC{3,4, --,n+m+2} jeJ 
\Jl=n 



E nn 

JCC{3,4,- -,n+m+2} jgjc ferfjc 



[uk - Uj + l]s[uk - Uj + r*]< 



K - Uj]s[uk - Uj + r]s 



[uk - Uj + l\s[uk - Uj + r*], 

[Mjfc - Uj]s[Uk - Uj+r]s 



\ 



I 



We have used the assumption of induction LHS(n, m) = RHS(n, m). We have proved the 
equation = for general n > m ^ 1. Generalization to generic parameter case : 

Re(s) > and r e C, should be understood as analytic continuation. The commutation 
relation [X*,Xj^] = is shown by the same manner as above. Q.E.D. 



3.4 Proof of Dynkin Automorphism Invariance 77 (X„) = X„ 

In this section we show the Dynkin automorphism invariance r7(X„) = X„. Before showing 
the complete proof, we consider some simple examples as warming-up exercise. We study 
the case : Re(s) > 2 and 1 — Re(s) < Re(r) < 0. Let us study n = 2 case. The following 
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relation is convenient for our calculation. 



(3.54) 



2. „2s\ /™2r-2. „2s\ /„2s-2. „2s\ /™2s-2r+2. ™2s 



Ch 



^'^2r-4. ^25^1 ^'^2s. ^,2s^ (rr2s. ^,2s^ ('^2s-2r+4. t,2s'\ 



Using the above relation, we have 

r/(/iii(;^2M)Ti(zi)Ti(z2)) = h^x^z^l z^){kx{x-' z^)k^{x-' z^) ^ K2{x' z^)K2{x' z^)) 
+ /iii(a;2"2;2/zi)Ai(x-'2;i)A2(x'z2) + hxx{x-'^' Z2I Zx)k2{x' Zx)^^x{x~' z^^) 
+ c,(5(x2^2/^i) - (5(a;2'-2+2^^2/^i))Ai(2:-^^i)A2(x^^2) 

- c;,(5(x2-2^^2Ai) -5(x''-'-22Ai))A2(x^^i)Ai(x-^^2). (3.55) 
The delta-function yields 

5(x'"-'+'^Z2/^i)Ai(,T-^zi)A2(.T^^2) = 5(.t2^-'^2/^i)A2(x^^i)Ai(,x-^^2) = 0,(3.56) 
c^(5(a;2-2^Z2M)A2(x^^i)Ai(x-^^2) = cs(x-2)5(x2-2*^2/zi)r2(x^-^^i), (3.57) 
Ch^{x''z2lzr)k^{x-'z^)k^{x'z2) = cs(x-2)(5(x2z2/^i)r7(r2(a:-'^i)). (3.58) 

Hence we have 77(22) = X2. Let us study n = 3 case. In what follows we use the following 
abbreviation. 



^12 (-2) — hii{x ^z)hii{xz), hi2{z) — hu{x'^ ^z)hu{x '^'^^z). 



(3.59) 



We have 



n hii{Zk/Zj)A2{Zi)A2{z2)Al{z3) 



1,Z1Z2Z3/ 



l,ZlZ2Z3 



n hu{zk/zj)Ai{zi)Ai{z2)A2{z3) 

1<7<A;^3 

+ [cs(x-'')hUx-^zi/z2)5(x^zs/zi)A,(z2HT2(x-^zi))]^^ 
+ [cs(x-'')hl2{x-^Z2/z,)S{x^zs/z2)A,{z,)r){T2{x-^Z2))]^ 



Z1Z2Z3 



ZIZ2Z3 



(3.60) 



Moreover we have 



n hn{zk/zj)Ti{zi)Ti{z2)Ti{z3) 



l,ZlZ2Z3y 



22 



1,212:223 



212223 



212223 



212223 



Y\_ hii{zk/ Zj)Ti{zi)Ti{z2)Ti{z-i) 

lgj<fc^3 

[cs{x~'^)hi2{x~^Z2/zi)5{x^z^/z2)Ti{zi)T2{x~'^Z2)\^ 

[cs{x~'^)hi2{x~^ Z^ij Zi)5{x^ Z^l Zi)Ti{z2)T2{x~^ Zi)]^ 

[cs{x-'')h^2{x-^zJz^)5{x''z2/z^)T^{z^)T2{x-^z^)\^^ 
[cs{x~'^)h\2{x~'^ Z2/ zi)8{x'^ z^/ Z2)Ti{zi)r]{T2{x~'^ Z2))\^ 
[cs{x~'^)h!l2{x~'^ z^il zi)6{x^ z^il zi)Ti{z2)r]{T2{x~'^ zi))]^ 
[cs{x~'^)h\2{x~^ zi/ Zi)5{x'^ Z2/ zi)Ti{zz)r]{T2{x~'^ zi))] 

1- -I -L, 

As the same manner, we have 

r]{[hi2{x~^Z2/zi)5{x^z^/z2)T^{zi)T2{x~^Z2)]i„ 

= [hl2{x-\2lz^)5{x''z^lz2)T^{z^)v{T2{x-\2))]l 

Summing up all the above, we have 77(23) = T^- 



+ 
+ 
+ 



212223 



212223 



212223 



,212223^ 



212223- 



(3.61) 



(3.62) 



Proof. Let us start general n case. For a while we study : Re(s) > 2 and 1 — Re(s) < 
Re(r) < 0. In what follows we use the following abberiviations. 

hP22{z) = hii{x~^z)hii{x''^'^'^z)hii{x^~'^z)hii{x^z), 

K^l{z) = hii{x-^'+^z)hii{zfhii{x^'-^z). 

We have 



(3.63) 
(3.64) 



X 



77 



W hn{zk/zj)Ti{zi)Ti{z2) ■ ■■Ti{zn) 



- l,2l---2n 



0Sa+/3glf] 



l^J^/3 



X n n T2{x-'zj) n ^(7^2(x-'^,)) x n /in(w^,) n 



j^AUB 



j,k^AUB 



Yl h\2{Zk/Zj) h22{Zk/Zj) Yl K'^i{Zk/Zj) /il2(^fc/^ 



j^AUB 



j<fc 
j,keA^^ 



3<k 



- l,2l---2„ 



(3.65) 
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We explain the notation of tiic above formulae (3.65). The summation YIai Aa Si B/} 
is taken over the set Ai, A2, • • • , Aa, Bi, B2, ■ ■ • ,Bp C {1, 2, • • • , n} such that Aj f] Ak — 
<P{l^j^k^a),BjnB,^<f>{l^j^k^ (3), \Aj\ = \Bk\ ^ 2 {1 ^ j ^ a,l ^ k ^ (3), 
and Min{Aj) < Min{Ak) {1 ^ j < k ^ a), Min{Bj) < Min{Bk) {1 ^ j < k ^ P). We 
have set = {Min{Ai), • • • , Mm(A„)}, ^Max = {Max{Ai), • • • , Max{Aa)}, Bmiu = 
{Mm(5i), ■ ■ ■ , Min{B(,)}, Buin = {Min{B^), ■ ■ ■ , Min{Bp)}, and A = A U • • • U 
B = BiU ■ ■ - U Bp. We have 



V 



JJ hll{Zk/Zj) Yl ^12(2; ^^ifc/^j) n h22{Zk/Zj) 



Zn+m+j I Zn+j ) 



1 " '-^-n+m / 



a, 0^0 
Oga+/3g[5] 



X 



X 



n 5 fx^^^) X n T,{z,) n 7^2(x-^.,) n vmx-h,)) 



W hii{zk/zj) JJ /ii2(a:;"^^fc/^j) 



n hl2{x~^Zk/Zj) 



fce-Bjyj^^U{n+l,...,n+m} 



n 



^22(2:^/2:^) 



j<k 



j<k 

k^Bf^^j^^U{n+l,---,n+m} 



j<k 

j,keBj^f^U{n+l,---,n+Tn} 



(3.66) 



Using the formulae (3.17), (3.65) and (3.66), we have 77(X„) — 1^ for general n. Cancella- 
tions of coefficients of [] 11 ^2 IT ^(^"2) come from relation = (1-1)'= = ELoI-I)*" kQ. 
Generalization to generic parameter Re(s) > and r e C should be understood as ana- 
lytic continuation. Q.E.D. 
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4 Nonlocal Integrals of Motion 

In this section we explicitly construct the nonlocal integrals of motion Qn and In this 
section we study generic case : < x < 1, Re(r) ^ and s G C ( resp. < x < 1, 
Re(r*) 7^ and s e C). Let us use the parametrization : Zj — x^'^\ wj — x^'"^ . 

4.1 Nonlocal Integrals of Motion Qn 

We explicitly construct the nonlocal integrals of motion and and state the main 
results. 

Let us set the theta function i?q, [u) by 

'&a,r{u) = [u — TV + a]r[u — Oi\r + — TT — a]r[u + a]r. (4.1) 

This function '&a,r{u) satisfies 

+ tt) = e-2'^^^+^(*+2")i?„,,(«), ^^,r{u) = ^-aA^). (4.2) 

Definition 4.1 

• We define ^„ (n = 1, 2, • • •) /or ^/le regime Re(r) > anc? < Re(s 

Ul<i<j<n['^i - tJ'MUj -tJ'i- l]r-h - Vj]r[Vj - Vi - l]r 
— — .j^ 

Illj=l[Ui - Vj + ^]r[Vj -Ui + ^-l]r 

Here the contour I encircles Zi,Wi — in such a way that 

(1) Zj = x^^'^^'^Wi, {I = 0, 1, 2, • • •) is inside and Zj — x~^~'^^'^Wi, x^'''^'''^^'^Wi {I — 
0, 1, 2, ■ • •) is outside for i,j = 1, 2, ■ ■ ■ , n, 

(2) Zp = x'^''* ^'^'''^ Zq {I = 0, 1, 2, • • •) is inside Zp = x~'^'^* "'^^'^ Zq (/ = 0, 1, 2, • • •) is outside for 
1 ^ p < q ^ n, 

(3) Wp — x'^'^*^'^^'^Wq {I = 0, 1, 2, • • •) is inside Wp — x~'^^*~'^''^Wq {I — 0, 1, 2, • • •) is outside 
for 1 ^ p < q ^ n. 



\ <2 by 



(4.3) 
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• We define Qn {n = 1, 2, • • •) for the regime Re(r) < and < Re(s) < 2 by 

Ill<i<j<n['^i - Uj]-r[Uj -Ui+ l]-r[Vi - Vj]^r[Vj - Vi + l]-r 
— — 

Illj=l[Ui - Vj - ^]-r[Vj - Mi - f + 1]-. 

(4.4) 

Here the contour I encircles Zi,Wi — in such a way that 

(1) Zj = x^-^'^-^j, x^-'-'^^'-Wi {I = 0, 1, 2, • • •) is inside and Zj = x-^+^Jr-^.^ ^s-2+2ir^, ^ 
0, 1, 2, ■ ■ ■) is outside for i, j = 1,2, ■ ■ ■ ,n, 

(2) Zp = x~'^'^*~'^'-''Zg (/ = 0, 1, 2, ■ ■ ■) is inside Zp = x^'^*^'^^^Zq (/ = 0, 1, 2, • ■ ■) is outside for 
I S p < q ^ n, 

(3) Wp = x~'^''*~'^'-^Wq {I = 0, 1, 2, • • •) is inside Wp = x'^^*~^'^''^Wq {I = 0, 1, 2, • • •) is outside 
for 1 ^ p < q ^ n. 




• We define G* {n — 1,2,- • •) for the regime Re(r*) > and < Re(s) < 2 by 

- /•■•/.n^n^n^.fe)n^ow 

ni<j<,-<„[^*i - Uj]r*Wj - «i + l]r*bi " '^j]r*[Vj ^ Vi + 
X — ■' — 

nl!j=lN - Vj - ^]Avj -Ui-^ + l]r* 

(4.5) 

Here the contour I* encircles Zi,Wi = in such a way that 

(1) Zj = x^^'^^^'* Wi,x'^~^^'^^'^* Wi (/ = 0, 1, 2, ■ ■ •) is inside and zj = x~^~'^^^'*Wi,x^~'^^'^^''^'*Wi {I — 
0, 1, 2, ■ ■ ■) is outside for i,j = 1,2, - ■ ■ ,n, 

(2) Zp — x'^'^'^'^^'^* Zq {I = 0, 1, 2, • • •) is inside Zp — x~'^'^~'^''^* Zq {I = 0, 1, 2, • • •) is outside for 
1 ^ p < q ^ n, 

(3) Wp — x^'^'^^'''^*Wq {I = 0, 1, 2, • • •) is inside Wp — x~'^^~'^'''^*Wq {I = 0, 1, 2, • • •) is outside 
for 1 ^ p < q ^ n. 




• We define Q*^ {n = 1, 2, • ■ ■) for the regime Re(r*) < and < Re(s) < 2 by 
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— — 

]Ti,j=l[^i - + - Mi + I - l]-r* 

(4.6) 

Here the contour I* encircles Zi,Wi = in such a way that 

(1) Zj = x"'"^^""* Wi, x'^~''~'^^'^* Wi (I = 0, 1, 2, • • •) is inside and zj = {I — 
0, 1, 2, • • •) is outside for i, j — 1,2, ■ ■ • ,n, 

(2) Zp — x~'^'^~'^^'^* Zq {I = 0, 1, 2, • • •) is inside Zp — x^^+^'^'^^g {I = 0, 1, 2, • • •) is outside for 
1 ^ p < q ^ n, 

(3) Wp — {I = 0, 1, 2, • • •) is inside Wp — x^^+^'^'w^ {I = 0, 1, 2, • • •) is outside 
for 1 ^ p < q ^ n. 

We call Qn and ^* the nonlocal integrals of motion for the deformed Virasoro algebra. 
The definitions of Qn CLnd for generic s E C, should be understood as analytic contin- 
uation. 




Example For Re(r) > and < Re(s) < 2 we have 




^1(^1)^0(^2)7- , s^ r,. 7^ r-^- (4-7) 



// 2'K^/^Zi 2'K^/^Z2 [Ul + ^]r[ui - 1*2 " f + l]r 

For Re(r) < and < Re(s) < 2 we have 

Gi^ ^ ^^Fi(zi)Fo(z2)-r — -—. (4.8) 

J 7/ 27r^Zi 27r^Z2 ^ [u^ - U2 - ^]-r[Ul - U2 + ^ - l]-r ^ ' 

For Re(r*) > and < Re(s) < 2 we have 

r* - f f , , 't?a,r*(M2 -Ml) 

^'-J J: 2nV^z, 2nV^Z2'''^"'^'''^"'^ [u, - m. - lUu. - ^2 + f - 1].* " ^'"'^ 
For Re(r*) < and < Re(s) < 2 we have 

Ot- I 1^ '^E.{z,)E,{z2h V-f^""^^ . .(4.10) 

The contour / and /* encircles 2:1 = in such a way that Zi = x^^^'^''Z2, x^~^~^'^^^Z2 {I — 
0, 1, 2, • • •) is inside and Zi — x~^~'^'^^Z2, x^~'^~'^'^^ Z2 {I = 0, 1, 2, • • •) is outside. 



The foUowings are some of Main Results of our paper. 
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Theorem 4.1 The nonlocal integrals of motion Qn (resp. Q*) commute with each other 
for generic Re(r) ^ and s ^ 2 (resp Re(r*) ^ and s ^ 2) 

[gn,gn.] = o, [g:,g*j = o {n,m = 1,2,- ■■). (4.11) 

Theorem 4.2 The nonlocal integrals of motion gn and ^* commute with each other 
for generic < Re(r) < 1 and s ^2 

[gn,g*J=^ (n,m = l,2,---). (4.12) 

Theorem 4.3 The nonlocal integrals of motion gn (resp. g*) are invariant under the 
action of Dynkin automorphism r), for generic Re(r) ^ and s ^ 2 (resp. Re(r*) ^ 
and s ^ 2). 

v{gn) = gn, v{g:) = g: (n = i,2,---). (4.13) 

Theorem 4.4 For generic parameter Re(r) ^ 0, Re(s) > 0, we have 

[ln,gm] = 0, K,gm] = {n,m = 1,2,- ■■). (4.14) 

For generic parameter Re(r*) ^ 0, Re(s) > 0, we have 

[In,g*J = 0, [X:,^;] = 0, (n,m = l,2,---). (4.15) 

4.2 Proof of [^n, Qm] = [Qn. ^m] = 

In this section we show the commutation relations = [^*, =0. At first we 

show the theta function identity, which gives a generalization of the one in [5]. 

Theorem 4.5 The following theta function identity holds 



Yl Yl ^'S.r [J2'^i~Yl ) ~Y^n 

= {l,- -,n+m} Z,UL = = {1, ■•,n+m} \j&K'' j^L" / \jeK j^L / 

nn 



KUK<: 

\K\=n, ifnKC=0 |L|=n, LnL' 



[Vj -Uk + f]rK -Vl + f]r[Mfc " + § - l]rK - Mi + f - 1], 



[Ui- Uk\r[Vj - Vi\r[Uk - Ui - l]r[vi - Vj - 1] 



= {l,.--,n+m} Z,ULC = {l,--,n+m} \jeK'' jeL" / \je-K jGL / 



KUK<: 

\K\=n, ifnif==0 |i|=n, Lni' 



^ -TT -TT b« - Mi + f]r[Mfc - t'i + f]r[Mj - + | - Ijrft'i - Mfc + f " 1]t 

ii [-"fc - -"ilrh - Vj]r[Ui -Uk- l]r[Vj - Vi - l]r 

keK leL 



(4.16) 
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Here the theta functions 'da,r{'u) and df^^riu) are characterized by 

^Au + r) = ^9a,rH, (4.17) 

d^A^ + rr) = e-2-^^+^(^+2«)+-"^«,,(«), K G C), (4.18) 

dpA^ + r) = (4-19) 

dfsAu + rr) = e-''^^^+^(*+'")+"^^^,,(M), {upeC). (4.20) 



Proof In order to consider elliptic function, we divide the above theta identity by 
^r,y{Yl]=n''^j ~ '^j)) with Uj e C. Let us set 

LHS(n,m) = J] J] 

ifUKC={l,...,n+m} LUL':={l,- -,n+m} 
\K\=n, KnKC=0 \L\=n, Z,nZ,c=0 



[Vj -Uk+ ^]r[Ui -Vi + ^]r[Uk - Vj + ^ - l]r[vi - lij + | - 1], 



nn 



[Ui- Uk]r[Vj - Vi]r[Uk - Ui - l\r[vi - Vj - 1] 



keK leL 



RHS(n,m) = J] J] 



if UK c = {l,...,n+m} LU-LC = { 1 , ■ • ■ 
|K|=n, Kn/-s:c = |-L|=n, LnLC^0 



^ ''^l3A^jeK<='^3 YlijeL<''"3)'^a,r^y}2ijeK'^3 SjgL '"j) 22) 

^ -TT -TT h -Ui + ^]r[Uk - Vj + |]rK - + f - l]rbj - ^fc + | - l]r- 
[Uk- Ui\r[vi - Vj\r[Ui - Uk - l\r[Vj - Vi - l\r 



keK leL 



We will show LHS(n, m) = RHS(n, m) by induction. Both LHS(n, m) and RHS(n, m) are 
elliptic functions. Therefore, from Liouville theorem, it is enough to check whether all 
residues of LHS(n, m) and RHS(n, m) coincide or not. Candidates of poles are Ua — up, 
Va — vp, Ua — Up + 1, Va — + 1 and '&jA{''^a}\{V'i3}) — 0. (Somc of them are real pole 
and some of them are fake.) Let us consider Ua = up (a 7^ /5). Take the residue of the 
LHS(n, m) at = up. We have 

,1 1 



E n 



[Ua - Up\r[Ui3 - Ua - l]r [up - Ua]r[Ua - Up - 1], 

[Vi -Ua + f]r[«a - Vj + fj^K - + f - l\r[Vj - M„ + | - 1], 



\vi — Vj\r\Vj — Vi — 1] 

\L\=n, ini'==0 leL 
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^ TT TT + ^]r[Uk - Vj + ^]r[Ui - Vj + ^ - l]r[Vj - Mfc + | - 1], 

iruKC={l,...,n+m}-{a,/3} iexcu{c.} jsz,c L K 2jrL ( jjrL t K ir\. J I \r 

\K\=n-l, KnKC=0 keK^{a} leL 



Hence — Uj^, {a ^ (3) are not pole. They are regular points. By the same manner, we 
have 

Res„„=„^RHS(n, m) = 0, ReSi,„=^^LHS(n, m) = 0, Res^^=^^RHS(n, m) = 0. (4.24) 

Therefore points Ua — up and Va — vp are not poles. Therefore candidates of poles are 
restricted to only — up -\- 1, Va — Vfj -\- 1 and '&-y^r{{ua\\{uj3\) — 0. We show the 
equation LHS(n, m) = RHS(n, m) by the induction of the number n + m. We assume 
n > m ^ 1 without loosing generality. (The case n = m is trivial.) At first we show the 
starting point n > m = 1. We would hke to show LHS(n, 1) = RHS(n, 1). Let us take 
the residue at mi = ^2 + 1 and vi = ^2 + 1. We have 

Res„i=u2+iRes^i=t,2+iLHS(n, 1) 

[Vi-U+ l]r[u - + I - 1]^ [U-Vi + l]r[vi - W + | + 1]^ 



= ReSu=o r, 1 r-.i ReSu=o 

n+1 

n 



X 



[u\r[l\r [u\r[l\r 
''"^^ [Vi - lij + f - iJrK' -Vi + - + I - l]r-bj - Itl + |]r 



K - Uj - l\r[Uj - Ui\r[vi - Vj - l\r[Vj - Vi\, 

J— "J 

-~n+l ^— ^r^+l 



til — uo + l 



= Res^j^=y2+iR6Si>j=i>2+i RHS(n, 1). (4.25) 

Because both LHS(n, 1) and RHS(n, 1) are symmetric with respect with wi, 1^2, • " • ? Un+i 
and Vi, i'2, • ■ ■ ) '^n+i-i we have 

Res„„=„^+iRes„^=„^+iLHS(n, 1) = Res„„=„^+iRes„^=^^+iRHS(n, 1). (4.26) 

After taking the residues finitely many times, every residue relation which comes from 
LHS(n, 1) = RHS(n, 1), is reduced to the above residue relation (4.26) at — up+l, Vj — 
vs + 1- Hence we have proved the starting point n > m — 1. For the second, we show the 
general n > m^l case. We assume the equation LHS(n — 1, m — 1) = RHS(n — 1, m — 1) 
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for some (n, m). Let us take the residue at ui — U2+I and vi — V2+I of L(n, m)—R{n, m). 
We have 



R'eSui=u2+irtcs.t,-^=t,,2+i (LHS(n,m) — RHS(n,m)) 

[Ui -Vi + ^]r[Vi - Ml + ^]r[Ui - f i + f - - Mi + | - 1], 



= ReSu=oR'es„=o- 



[u]r[v\r[l\r[l\r 

X JJ ~ + f ~ li^-K - ^'l + f - Ml + f ]r[Ml - + f - l]r 



J=3 



X 



[Ui — Uj — l]r[Uj — Ui]r[Vi — Vj — l]r[Vj — Vi 

E E 



n+m 



|K |=m-l,|/fC|=n-l \L\=m-l,\L<:\=n-l 



3=3 



( n ~ '"'t + ll'-K - + ^ - l]r n - + ^]r-h - + ^ - 1] 



X 



leL 



Yl [Ui - Uk\r[Uk -Ui - l]r - Vi]r[vi - Vj - 1], 



JJ [V; - Mj + ^]r[Mj - + ^ - l]r JJ K - + J]rbj " ^^fc + ^ " l]r^ 



leL 

ieK' 



k^K 



[Uk - U^]r[Ui -Uk- l]r [vi - Vj]r[Vj - Vi - 1], 



keK 



jeLc 
leL 



0. 



(4.27) 



We have used the hypothesis of the induction: LHS(n — 1, m — 1) = RHS(n — 1, m — 1). 
Because both LHS(n, m) and RHS(n, m) are symmetric with respect with ui,U2,---, Um+n 
and vi, V2, - ■■ , Vm+n, we have 

Res„„=„^+iRes^^=^^+iLHS(n,m) = Res„„=„^+iRes^^=^^+iRHS(n, m), (4.28) 

for arbitrary 1 ^ a ^ (5 ^ n+m and 1 ^ 7 7^ ^ n+m. After taking the residues finitely 
many times, every residue relation which comes from LHS(n, m) = RHS(n, m), is reduced 
to the above residue relation (4.28). Hence we have shown LHS(n, m) = RHS(n, m) for 
general n, m = 1, 2, •• -. Q.E.D. 

Now let us show the commutation relation, [Qn, Q^n] — 0. 

Proof of Theorem 4-1 We study the case : < Re(s) < 2 and Re(r) > 0. Other cases are 
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similar. Hence the integrand of the nonlocal integrals of motion satisfies the 5'„-invarince 



X 



Ili,j=l['^T(i) - Vp{j) + ^]r[Vpij) - U^ii) + f - l]r- 

Ill^i<j^n['^i ~ '^j]r[Uj -Ui- l]r[Vi - Vj]r[Vj - Vi - l]. 



Hence we have 



Illj=lK - Vj + flrbi - Mi + f - 1], 

for cr, p e Sn- 



(4.29) 



X 



n F^(zj) H Foiwj) 

UlS,.:j^n + ,u[>'< - "./]'■["./ - - Mr[l', - l\,]r[l\, - - l], 



1 



n+m 



((n + m)\y 



j=n+l 



<T,peSn + m \i = l 

n n+m r i si r i si 

^TT TT ['^p(i) - + aJrKw - Vpjj) + ^Jr 



i=l j=n+l 



(4.30) 

l,Zl---Zn+mWl---Wn + m 



Therefore wc have the following theta function identity as a sufficient condition of the 
commutation relation Qn ■ Qm — Qm ■ Qn- 



X 



={l,- -,ri+m} I,Ul,c={l,--,n+m} jgL JGA''= jSL'^ 

-Uk + ^]r[Ui -Vi + ^]r[Uk " + f " ^r[vi - + f - l]r 



nn 



[Ui - Uk]r[Vj - Vi]r[Uk - Ui - l]r[vi - Vj - 1], 



X 



= {l, --,n+m} iUiC={l,---,n+m} jeK<^ jeL<^ j^K jeL 

,, ifn/fc=0 \L\=m, LnLC=0 

[V/ - + ^]r[Uk - Vj + |]r[lti -Vi + ^- l]r[Vj - Ufe + | - 1], 



nn 

keK leL 



[Uk - Ui\r[vi - Vj]r[Ui - Uk - l]r[Vj - Vi - 1], 



(4.31) 
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This is special case Ua = vp — of the equation (4.16). (In order to use induction, we 
have introduced additional parameters i/a, 1^/3 to (4.16).) We have shown the commutation 
reltion, [^^, = 0. Q.E.D. 

4.3 Proof of [g^, Gl] = 

In this section we show the commutation relation [Qm-i — 0. The screening currents 
Ej{z) and Fj{z) almost commute 

[E^{Z^),F^{Z2)] = ^ _^ {S{XZ2/ZI)H{X''Z2) - S{xzi/z2)H{x-''z2)). 

Hence, in order to show the commutation relation, remaining task for us is to check 
whether delta-function factors cancell out or not. 

Proof of Theorem 4-2 For a while we study the following parameter case: < Re(r) < 1 
and < Re(s) < 2. For reader's convenience, we show the simple case [Q^, Qi] = at 
first. Using the commutation relations of the screening currents Ej{z), Fj{z), we have 

\r* f f f ^^1 dz2 dw2 ^ ^ ^ , . 

[yi,yi] = / / / o r-f o r-r o r-f zi\zi,z2,w2) 
J J Jci 27i^/-lzi I'n\j-\Z2 l'n\j-\w2 




dZi dZ2 dW2 / -r \ ^ 

-Bi[x Zi\Zi,Z2,W2) 



Ci 27rv— 1^1 27rv — 1^2 '27ry/—lw2 



/ / la, 2.%z, 2.!/kz, 2x^«,. ^^(""^^I^" 

(4.32) 





C2 2t:\/^^zi 2'K\f^^Z2 1'K\f^^w\ 



Here we have set 



Bi{z\Zi,Z2,W2) = _^ _^ H{z)Eo{w2)Fq{z2) 



X — X 

^a,r-(^il - U2)'&f3-r*{u - V2 - y) 



X 



[u - Y - '^2 + i]-r*[u - Y ~ '"2 - f + l]-r*K " '^2 + ^]r[ui - ^2 ^ f + l]r ' 

(4.33) 



B2{z\zi,Z2,Wi) = ^-^F,{zi)E,{w^)t{H{z)) 



X 



X — x~ 

'^a,r{Ui - U2)^p-r*{Vi - M + y) 
[Vl - ti + Y + - ^ + T ~ 1 + - ^2 + f]r-K - ^2 - | + l]r ' 

(4.34) 
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where the integral contours Ci,C2,Ci, C2 are given by 



and 



|3™s-l-2r*^^|^ |2,-s+l-2r*^^| ^ |^_^| ^ |a;-^-l^f;2 1 , |a;*~^W2|, |^2| < 1x^2 1 , (4.35) 



Ci : |x^+'''^2|,|2: 



^ ^^'^''Z2\ < \zi\ < \X^ '^Z2\, \X ^Z2\, 



\X'+^W2\, \x-'-^^W2\ < \zi\ < \x-'-^+^''W2\, \x'-^+^''W2\, |^2| < ^^21, (4.36) 



Co 



Co 



\x''zi\,\x'^ ^zi\ < \z2\ < Ix" ^ '^''zi\,\x~ 



-2r 



Zi\, \zi\ < \xwi\, 



\x^^'^Wi\,\x ^'^^Wi\ < \Z2\ < ^Wi\,\x *+^''*U'i|, 

\x^'^^''zi\, \x'^~^~^'^'' Zi\ < \Z2\ < \x''~'^zi\, \x~^zi\, \zi\ < \xwi\. 



(4.37) 



(4.38) 



When we change the variablw Zi — > x~'^^Zi in the first term in RHS of the equation (4.32), 
the integrand Bi{x^zi\zi, Z2, W2), is deformed to Bi{x~^zi\zi, Z2, W2) — Bi{x~'^zi\x~^'^zi, Z2, W2), 
and the contour Ci is deformed to exactly the same as Ci. Therefore we have 

dzi dz2 dw2 





Ci 27rV— 27rV — 12:2 27rv— lu'2 
dzi dz2 dw2 



Bi{x''Zi\zi,Z2,W2) 



Ici 2t:\/—1zi 2'K\P^Z2 2'K\/ —\w2 
As the same manner we have 

/" dzx dz2 dwi 

IC2 27r 



Izi —\z2 —\w\ 
dzi dz2 dwi 



Bi{x ''Zi\zi,Z2,W2). 



B2{x''zi\zi,Z2,Wi) 



(4.39) 




B2{X ''Zi\Zi,Z2,Wi). 



(4.40) 



IC2 27rv— 1-2^1 27rv— 1-2^2 27ry/—lwi 
Therefore we have the commutation relation [^1,^^] = 0. Generalization to generic 
parameter s G C, < Re(r) < 1 should be understood as analytic continuation. 

For the second we show the commutation relation [Qn, Qm] — 0- For a while we study 
the following parameter case: < Re(r) < 1 and < Re(s) < 2. Using the commutation 
relations of the screening currents, we have 



n m 



ft IIV n n 11/ ^ III' 



dwh 



i=i j=i 
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EE 

i=i j=i 



n dzk j-T dwk 



2n 2m 



c - , 1 27r\/—lzk fi 27rv— Iwjfc 

n , m 



(x-^z„{z,}ll„{w,r£^ 



2n 2m 



- E E 

i=n+l j=m+l 



n , m 



n n 

-Li. O-TT, /_1 ^, J- J- 



(4.41) 



Here we have set for 1 ^ i ^ n and 1 ^ j ^ m, 



X — X' 



:^Fi{zi) ■ ■ ■ Fi{zj.i)Ei{wi) ■ ■ ■ Ei{wi.i)H{z) 



a,—r* 



X Fi{Zj+i) ■ ■ ■ Fi{Zm)Ei{Wi+i) ■ ■ ■ Ei{Wn)Eo{Wn+l) ■ ■ ■ Eo{w2n)Fo{Zm+l) ' • • Fo{z2m) 

^ n 2n \ / m 2m 

^Vk - ^ ^p,r - J2 

^k=l l=n+l / \k=l l=m+l 

Y\ [Vk - Vi\-r*[vi -Vk- l]-r* Y\. t^'^ ~ Vl]-r*[vi - Vk - l]-r* 
l<k<l<n n+l<k<l<2n 



X 



n 2n 



k=l l=n+l 



S 

2 



X 



JJ K - Ul\r[ui -Uk- l]r Yl ~ '^l\r[ui - Uk - 1], 

l<A;</<m m+l<k<l<2m 



m 2m 

n n [ 



Uk-Ui + - 



k=l l=m+l 

and for n + 1 ^ i ^ 2n and m + 1 ^ j ^ 2m, 

47"^^ (^zAzk}i^^d^krkU^ 



Uk - Ui - - + 1 



, (4.42) 



-Fi(zi) • • • Fi{zm)E^{w^) ■ ■ ■ Ei{Wn) 



X ^0(2:^+1) ■ ■ ■ Fo{Zj_i)Eo{Wn+l) ■ ■ ■ Eo{Wi_i)T{H{z)) 
X Fo{Zj+i) ■ ■ ■ Fo{z2m)Eo{Wi+i) ■ ■ ■ Eo{w2n) 



2n 



2m 



X 'da-r* {"^Vk- vA 1^(3^r X] "fc " ^' 



,fe=l l=n+l 



,fe=l 



=m+l 
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X 



Yl [Vk - Vi] [vi-Vk-1] -r* n [Uk - Vl]-r'[vi - Vk - 1]. 
l^k<l^n n+l^k<l^2n 
n 2n 



k=l l=n+l 
Yl [^fe - Ul]r[ui - Uk 



X 



l<fc</<m 



l]r Y\. [Uk - Ui]r[Ui - Uk - l]r 

m+l<k<l<2m 



m 2m 

n n [ 

k=l l=m+l 



Uk-Ui+- 



Uk- ui- ^ + ^ 



(,4.43) 



where the integral contours Cjj, C^j are given by as follows. For l^i^n, l^j^m 
we set 



a 



\x 



s-l-2r* 



Wk\, \X 



-s+l-2r*„ 



Wk\ < \zj\ < |x * Wk\, {n+l^kj^i^ 2n), 



\x^Zk\, \x'^ ^Zk\ < \zj\ < \x '^Zk\, \x ^Zk\, {m + l^k^j^ 2m), (4.44) 



\x Wk\,\x Wfcl < \Zj\ < \x~ 



Wk\, \x 



VJk 



[n + l^k^i^ 2n), 



^ Zk 1 5 I 



2-s+2r 



"zk\ < \zj\ < Ix"" '^Zk\, \x ^Zk\, {m + l^k^j^ 2m), (4.45) 



and for n + 1 ^ i ^ 2n, m + 1 ^ j ^ 2m we set 



a 



\x 



,s-l-2r'' 



Wk\, \X 



-s+l+2r* 



Wk\ < \zj\ < Ix* ^Wk\, \x " ^Wk\, {n+l^k^i^ 2n), 



\x^Zk\, \x'^ ^Zk\ < \zj\ < \x^ ^ ^""zfel, \x ^ '^''zkl, {m + l^ky^j^ 2m), (4.46) 



C, 



\x''^^Wk\,\x ^^^Wk\ < \zj\ < |a;*+^''* ^ 



Wk\,\x ^+^''*WA:| 



{n + l^k^i ^2n), 



Ix'+^^'zkl, Ix^-'+^^'zkl < \zj\ < \x'-^Zk\, \x-'zk\, {m + l^k^j^ 2m). (4.47) 

When we change the variable zj x~'^'^Zj in the first term in LHS of (4.41), both integrand 
and integral contour are deformed to the same as the second term of (4.41). Hence we 

have 

dzk -Pr dwk 



/■In 



Iwi 



-Btr" (x^z„{zk}t„{wkYr..) 



By the same arguments as above we have [^*, Q^y^ = for < Re(r) < 1 and < Re(s) < 
2. Generahzation to generic parameter < Re(r) < 1 and s e C should be understood 
as analytic continuation. Q.E.D. 
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4.4 Proof of Dynkin Automorphism Invariance r]{Qn) = Qn 

In this section we show the invariance condition r]{Qn) — Qn and r/(^*) = For 
reader's convenience, we explain ri{Qi) = Qi at first. We study the case : < Re(r) and 
< Re(s) < 2. From the definition of the Dynkin automorphism ?], we have 

,(6.) = ( ffl-^F„(z,)F,(z,h (4.49) 

Exchanging the ordering of Fi{zi) and ^0(2:2), and changing the variables ui — > U2 and 
U2 —>■ ui, we have 

J JifJi 27rV^Zj [U1-U2 + ^]r[u2 - -Ul + f - l]r- 

The relation '&a,r{u) — '&-a,r{'^) implies r]{Qi) — Qi. Generalization to generic parameter 
< Re(r) and s e C should be understood as analytic continuation. 



Proof. Let us show r(^„) = Qn- We study the case : < Re(r) and < Re(s) < 2. 
From the definition of the Dynkin automorphism r, we have 



l<i<n l<,<n 



Ul^i<j£n['^i - Uj]r[Uj -Ui- l]r[Vi - Vj]r[Vj - Vj - l]r , ^ 



(4.51) 



Exchanging the ordering of Fi{zj) and Fo{wk), and changing the variables Uj — > Vj and 



Vj Uj, we have 



ni^i<j^n['»^ - -fJ'i- ^]r[Vi - Vj]r[Vj - Vj - l]r / " 



(4.52) 



Using the relation 'da,r{u) — 'i?a,r-(~'^)|7f^-7f) we have r]{Qn) — Qn- Generalization to 
generic parameter < Re(r) and s e C should be understood as analytic continuation. 
The proof of the invariance rj{Q*) — Q* is given by the same manner. Q.E.D. 
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4.5 Proof of [Xm, Qn] = 

In this section we show the commutation relations [X„, = 0. The operators h.j{z) and 
Fj[z) commute almost everywhere. 

Hence, in order to show the commutation relation, remaining task for us is to check 
whether delta-function factors cancell out or not. At first we summarize simple case 
[Xi, Qj^ = 0, for reader's convenience. 

Proof of [Ii,Qn] — For a while we restrict our interest to the case < Re(s) < 2, 
< Re(r) < 1, and Re(2r) < Re(s). We have 

~t J Jiij) k=i 27rV-l^ifc 27rV-l«'ik 
X A{x^'' Zj)Fi{zj+i) ■ ■ ■ Fi(z„)Fo(wi) • • • Fo(w„) 

Y{l^k<l^nW - Ul]r[Uk - Ui + l]r[Vk - Vi]r[Vk - Vi + l]r 



n 



7'(j) 2n^/-lzk l-n^l-lWk 



X ■ ■ ■ Fi(2;„)Fo(w;i) ■ ■ ■ Fo(w„) 

"m,.iK--.+i].h-«.+i-i]. 

+ ^fy:/— !^/---/fT— — ^Fo(^i)---Fo(..) 

X Fi(«;i) • • • FiK_i)[ri(C), Fi(«;,)]Fi(«;,+i) • • • Fi{wn) 

Ill^k<l^n['^k - Ui]r[Uk - Ui + l\r[Vk - Vi\r[Vk - Vi + l]r / 

~nia^k-v, + i]rh-uk+i-i]r 

(4.53) 

Here the contours and are given by 

7Y I 4i — 2 I I 4r-2 1^1 1^1 -2r+2 | i -2r+2 i 

I[J ) : \X Zj-^-i\, ■ ■ ■ , \X Zn\ < \Zj\ < \X Zi\, ■ ■ ■ , \X 

\x^Wk\, \x^''~^'^'^Wk\ < \zj\ < \x^~'^Wk\, (1 ^ A; ^ n). 
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'■ \x'^^ • • • , Ix^'" '^Zn\ < \Zj\ < \x ^''"'"^^^il, • • • , |x ^^~^'^Zj-i\, 

Ix^'^^'wkl, < \zj\ < {x^'^'^^'wkl, \x~^Wk\, (1 ^ A; ^ n). (4.54) 

Let us change the variable Zj — > x'^^Zj of the first term of (4.53), upon condition < 
Re(s) < 2, < Re(r) < 1, Re(2r) < Re(s). Using periodicity of the integrand, we have 

dzk dwk 



/-in 



Fi(^i)---Fi(^,_i) 



k=i 27rv -l^fc 27rV-lu'fc 
X Aix~''zj)Fi{zj+i) ■ ■ ■Fi{zn)Fo{wi) ■ ■ ■ Fo(«;„) 

Ill^k<l^n['^k - Ui]r[Uk - Ui + l]r[Vk - Vi]r[Vk - Vi + l]r 

J Ji'ij) k=i 27rV-l2;fc 2ny/-lwk 
X A{x''zj)Fi{zj+i) ■ ■ ■ Fi{zn)Fo{wi) ■ ■ ■ Fo(w„) 

Ill<k<l<n['^k - Ui]r[Uk -Ui + l]r[Vk - Vi]r[Vk - Vi + 1], 



X -r-rn r = t r „ ^ i I' A-.r I / ( Uj V j ^ 



11^=1 K -Vi + ^]r[vi-Uk + ^-l] 

By the same manner as above, we have 



'/ k=i 27rv -l^fc 27rV-l«^fc 
X F,{w,) ■ ■■F,{w,.,)[T,{C),F,{wj)]F,{w,+^) ■ ■ ■Fi(«;„) (4.55) 

Ill<k<l<nl'^k - Ul]r[Uk -Ul + l]r[Vk - t';]r[?'fc - Vl + 1], 



X 



nM=lK - + f ]rh -Uk+^-1], 



0=1 



Therefore we have [Xi,Qn] = 0. Generahzation to generic Re(s) > and Re(r) > case, 
should be understood as analytic continuation. Q.E.D. 

Proof of general case [Im, Gn] = is given essentially the same manner as above. Be- 
cause the integral contour of the local integral motion 1^ is not cylinder, we are not 
allowed to use the symbol S{z) directly. Before starting general proof of [X^, Gn] — 0, we 
review elementary fact about S{z). Let us set the operators and by 

•^1= /••• / il o.t^,. /i(^i,---,^m)Ai(^i), (4.56) 

J JCi 



27r-\/—lWj 



^2= ■■■ H o A f2{zu---,Zn)F,{z^), (4.57) 
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where fi{wi, ■ ■ • , Wm) and /2(-2i, ■ • • , Zn) are meromorphic functions. Let us set the region 
Di in which Laurent-series of • • • , Wm) exists, and the region D2 in which Laurent- 

series of f2{zi, ■ ■ • , Zn) has Laurant-expansion exists. Let us set Ci{zi) — {{x'''^Zi,W2, ■ ■ ■ , Wm) £ 
C"^|(wi, • • ■ ,Wm) e Ci}. If the contours Ci C Di, C2 C -D2, and Ci{zi) C Di for any 
(-^i, -^2, • ■ ■ ) Zn) e C2, we have the following formulae, which we have already used above. 



[^1,^2] = (2^ - X''*)[5{X ''Zi/wi)A{x ''Zi)f2{zi, - ■ ■ ,Zn)fl{x Zi, W2, ■ ' ' , Wm)] ^ 



Zl---Z„Wl---Wm 



Even if Ci{zi) is not included in Di for some {zi, Z2, ■ • ■ , Zn) G C2, we have a similar 
formulae. 

Proposition 4.6 

[^1,^2] = {x-^* -x^*) I ■■■ I \[-^p^f2{z,r--.Zn)A{x-^z^) (4.58) 



X 



Cin{|^|<i} 27rv^M;,- (1 - x-^Zi/wi) 

r r yr dWj ^fliw^,W2,---,Wm) 

^ J "'Ln(i^i>a!i 



/cin{|^|>i} fJi 27T,/^Wj (1 - x-wi/zi) 
Now let us start to show theorem for general case. 

Proof of [Im, Gn] = For a while we restrict our interest to the regime < Re(s) < 2, 
< Re(r) < 1 and Re(2r) < Re(s). We have 



i=i j=i 



Ul^kKl^nb^k - Ul]r[Uk - Ul + l]r[Vk - Vl]r[Vk - Vl + l]r 



X 



f fr_^4 1 f fr 



d4 x'-z'Jz. 



■J 



7n{|^|<i} ^Jl 27rA/^4 (1 - ^~"^j/^'i) An{|^|>i} ^^^^ 27rv^4 (1 " ^"^i/^j) 

i i 

X Aix-''Zj)F,{z,+,) ■ ■■F,{zn)Fo{wi) ■ • • FoK)Ti(4+i) • • •Ti(4) 
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It, n n IV 

/■■■/- n 



dZi. -n- aWi, 



n 



27rV-l^fc fc^^ 27r\/-lwfe 



ni<fe<;<nK - ""drK - + l]rK - -y/lrK - + l]r 
X ^ , — i?a,r 2^(«j - V^) 



X 



nfe,/=lK - t^i + flrh - life + I - 1] 

1 



+ 



,n{|f^|<i} 2^v^4 (1 - ^'■^^7^0 Ml^l>i} ii 27r^4 (1 - x^z'Jz,) 

i i 

X ■ ■ ■Fi(z„)FoK) • • • FoK)Ti(;2^+J • • •Ti(4) 



+ ME 



n ti^fc -rV dwk 



X 



X 



/ fc=i 27rV^^fe 2^T^f^Wk 

ni^fe<i^nK - Ui\r[Uk -Ui + l]r[Vk - Vi\r[Vk - Vi + 1] 
Ull=l[Uk -Vl + ^]r[vi -Uk+^-l]r 



TT '^^fc 

c 



l<fe</<n 



X Ti{z[) ■ ■ ■TM-i)Fo{zi) ■ ■■Fo{zn)Fi{w,) ■ ■ ■ F,{wj.i) 



(4.59) 



Here and are the same as given in proof of [Xi,^n] = 0. Let us change the 
variable Zj x'^^Zj of the first term, upon condition < Re(s) < 2, < Re(r) < 1 and 
Re(2r) < Re(s). Using periodicity of integrand, we have 



f f TT yr dWk f 

J Ji(i) 27r^Zk 1} 2n^Wk Jir 



n 



dz[. 



X 



%■) fe=i 27rV^^fe k=i '^T^yf^Wk Jin{\'^\<i} 271 " ^'"^^i/^'i) 

ni^fe<i^nK - Ui\r[Uk -Ui + l]r[Vk - Vi\r[Vk - Vi + 1]^ 

nL=iK -vi + ilrh - life + 1 - l]r 



X 



n M«'fe-«D 

X Fo(wi) ■ ■ ■ Fo{wn)Ti{z'i^^) ■ ■ ■ Ti{z'J 



Jm L\ 2^^^^ fe=i 



dwi 



n 



X 



nigfe<i^nK - Ul\r[Uk -Ui + l]r[Vk - Vi\r[vk - Vi + 1]^ 

nL=iK - + ilr-h - life + 1 - l]r 
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X T,{z[) ■ ■ •Ti(z;_i)Fi(^i) • ■■F,{zj_,)A{x'zJ)F^{zJ+,) ■ --F^iz,,) 

X FoK)---FoK)Ti(z:+J.--Ti(4). (4.60) 

By the similar way, we have 

" EE/-/n^n^/-/n 



j=i j=i " 

ni<fe</<n[^fc - Ul]r[Uk -Ul + l]r[Vk - Vl]r[Vk - Vl + l]r 

^ — ~ 

nfe,;=l['«fc -Vl + l]r[vi - Mfc + i - l]r 

X T,{z[) ■ ■■T,{z[_^)Fo{zi) ■ ■■Fo{zn)F,{wi) ■ ■ ■ F^{wJ_,) 

X [Ti(4,Fi(«;,)]Fi(^,+0---i^i(^n)Ti(4,)---Ti(4)) =0. (4.61) 

Therefore we have [X^, = 0. Generahzation to generic Re(s) > and Re(r) > case, 
should be understood as analytic continuation. Q.E.D. 



5 Specialization upon s = 2 

In this section we study the specialization to s = 2, and discuss relation to the Poisson- 
Virasoro algebra [6]. 

5.1 Local Integrals of Motion 

In what follows we restrict our interst to the case 1 < Re(s) ^ 2. 

Definition 5.1 We set the local integrals of motion for the deformed Virasoro 
algebra {s — 2) hy 

Conjecture 5.1 Upon specialization s — 2 we have 

[^r,^r]=0, 77(Xr)=^r, (m,n = l,2,...). (5.2) 
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In what follows we give a supporting argument of this conjecture. 
Definition 5.2 Let us set the auxiliary operators Im,i by 

m+l 



I, 



m.l 



n 



dz-i 



-Ti{zi) ■ ■ ■Ti{Zm)T2{x ^Zm+l) ■ ■ ■T2{X ^ Zm+l) 



m m+l 

X J]^ h{Uj-Ui) Y\ n ^IsK'-'^i) n h22{Uj-Ui). (5.3) 



Here we have set 



hi2{u) = h{u — l)h{u + 1), h22{u) = hi2{u — l)hi2{u + 1). 



(5.4) 



Proposition 5.2 The local integrals of motion In are written by linear combination 
of the auxiliary operators ; 



Xn^Tnfl + Y.^-cTs{x~''y 



nl 



a=l 



a!(n-2a)! 



n—2a,a- 



(5.5) 



Example 

^2 = ^2,0 - 2cs(x~^)Xo,i, I3 = 23,0 - 6cs(x"^)Xi,i, 
Zi = 24,0 - 12cs(x-^)X2,i + 12c^s(a;-2)%2, 

I5 = 15,0 - 20cs{x-^)l3,i + 60cls(x-2)2Ji,2, 

26 = 26,0 - 30cs(a;-^)24,i + 180c^s{x-'^fl2,2 - 120c^s(x-2)%,3- 

Definition 5.3 Let us set "renormalized" local integrals of motion Tn{s) by 

( \ 



(5.6) 
(5.7) 

(5.8) 
(5.9) 



[fl [f] 



nl 



a=l /3=a 



p\{n-2p)\ 



E 



/J! 



h\k2\---kj 



Xn-20- 



I 



(5.10) 



Proposition 5.3 We have the commutation relation 



[X„(s),X^(s)] = (m,n = l,2, 



(5.11) 
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Example 

Ms) =12 + 2cs{x-^)Io, Zi{s) = J3 + Qcs{x-^)Iu (5.12) 

Zi(s) = X4 + I2cs{x-^)l2 + 12c^s{x-yio, (5.13) 

l5{s) = X5 + 20cs(x~^)23 + 60c^s(x~^)^Ti (5.14) 

leis) = Je + 30cs(x-2)X4 + 180c2s(x-2)2X2 + l20c^s{x-^flo. (5.15) 

Proposition 5.4 "Renormalized" local integrals of motion In{s) is written by linear 
combination of difference {Irn,i — ^m,o)- 



1n{s) 



(5=1 

[f] 5-a 



5\(n-25)\ 



(Xn 



25,5 — ^n-2S,0 



)s{x' 



-2\S 



E E E(-i)°(- 

a=l S=a+1 13=1 
( 



X 



E 



5! 



.fcl+---+fca=5-/; 



fci!A;2!---A;«! 



n-25)!/5! 

s(a;~^)'^(X„_25,/3 — X„_25,o)- 
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Example 



X2(«) 
^3(5) 



^2,0 - 2cs(x ^)(2o,i - Xo,o), 

Js^o - 6cs(x"^)(Jij - Ji,o), 



= X4,o - 12cs(a; ^)(X2,i - X2,o) 

+ 12c's(x-')'(Xo,2 - 2-0,0) - 24c's(x-')'(Xo,i - 2o,o), 

= J5,o-20cs(a;-2)(J3,i-X3,o) 

+ 60c='s(x')2(Ji,2 - Xi,o) - 120c's(x-2)2(Ji,i - Ji,o), 

X6(s) = ^'e.o - 30cs(a;-')(X4,i - 24,o) + 180c's(x-2)2(X2,2 - X2,o) 

- 360c's(x-')'(T2,i - X2,o) - 120c=^s(x-')=^(Xo,3 - 2o,o) 

+ 360c^s(x-2)'^(Io,2 - Xo,o) - 360c3s(a;-2)3(Xo,i - Jq^o). 

When we take the hmit s — > 2, we have 
1 



(. - 2)' 



■(2n-25,/3 — 2r„_25,o) 



(5.16) 



(5.17) 
(5.18) 

(5.19) 

(5.20) 



(5.21) 
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,=1 -/k.Hl ^TTV-I^j i<,.fc<„_2. 



X 



n-25+/3 ^ , / o \ <5 



n-25 n-25+13 



T2{X ^Zn-2S+l)---T2{x ^ Zn-2S+p) 



s=2 



^ n n huiuk-Uj) Yl h22(uk-Uj). (5.22) 

j=l k=n-2S+l n-2S+l^<k^n-2S+l3 

Simplifications occure for s = 2. 



d 

hl2{u)\s=2 = I, h22{u)\s=2 = I, T2 (2;) | ^=2 = 1 , ^ 



T2{z) = 0, (5.23) 

s=2 



We conjecture the following. 

Conjecture 5.5 When we take the limit s — > 2, we have 

X„(5)^Xr, («-2). (5.24) 

We have checked relation (5.24) for small n, i.e., 1 ^ n ^ 9. As a consequence of (5.24), 
we have the commutation relation [X^^,X^^] = and invariance rj (X^^) = ■ 

Example (The Virasoro-Poisson algebra) 

Let us set two parameters {q, (3) hy q — x^^ ,(3 — When we take the hmit /3 — > with 
q fixed, we have the Virasoro-Poisson algebra [6] . 

{Tm, Tr,}p.B. = \^iTn-lTm+l + (?" - g-")5n+m,0. (5.25) 

In this limit the integral of motion Xf ^ degenerates to the conservation law Hi in [7]. 
Example (CFT-limit) 

Let us set two parameters {h, (3) by — x^'^ ,(3 — We take the hmit /i ^ with (3 
fixed under the following /i-expansion 

Tn = 26n,o + p(^L^+ ^^~^^^^ n,o^ + 0(/i^), (5.26) 
we have the defining relation of the Virasoro algebra 

We call this limit the CFT-limit. In this limit the local integrals of motion Xf^,X|'^ 
reproduce those of CFT /i, 73 by [1]. 
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5.2 Nonlocal Integrals of Motion 

In what follows we restrict our interst to the case 1 < Re(s) ^ 2. 

Definition 5.4 We set the nonlocal integrals of motion Q^^ for the deformed Virasoro 
algebra (s = 2) hy 



G^v ^ I ! n TT 



[Ui - Vi + l]r[vi - Ui]r [Un - Vn + l]r[Vn - Un]r 
[Ui- Uj]r[Ui - Uj + l\r[Vi - Vj\r[Vi - V] + I], 



r,,. _ ^ n r„. _ „.i u,. _ ^ n r„ . _ „.i ^"-'^ Z^^"^' ^^'^ 



s=2 



[Ui - Vj + l]r[Vj - Ui]r[Vi - Uj + l]r[Un - Vi 

where the contour Iatq o,re given by 

\x'^Wn\, [x'^'^Wnl < \zi\ < \wi\ < \Z2\ < \W2\ < ■ ■ < \Zn\ < \Wn\. (5.29) 

Conjecture 5.6 Upon specialization s — 2 we have 

[^n^^n^O, 77(0 = ^n^ {m,n ^1,2,. ■■). (5.30) 
Conjecture 5.7 Upon specialization s — 2 we have 

[^r,O = 0, {m,n = 1,2,- ■■), (5.31) 
In what follows we give a supporting argument of the above conjecture. 
Definition 5.5 Let us set the the auxiliary operators Qm,i by 

"' L n^ 2n.r^z- ^ 2n./^w H Jl,M^^^K^J) 

m m-\-l / m ^ 

^ n n •?'l.2(«i, n h2{Vi\Vj) X -O^^r l Y^iu^ - Vj) + Z(^ - 1) 

1=1 j=m+l m+l^i<j£m+l \i=l 

^ Fi{zi)Fo{wi) Fi{z,n)Fo{Wra) 

[Ui -Vi + ^]r[vi - Ml + I - 1]^ [Um - Vm + ^]r[Vm - Mm + | " l]r 

X : Fi{x'^-^Wm+i)Fo{w^+i) Fi{x'^-'wm+i)Fo{w^+i) : (5.32) 
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Here we have set 

jl,liUl,Vl\u2,V2) 

jl,2{'^l:Vi\v2) 
j2,2{Vi\v2) 



[Ul - U2\r[ui -U2 + l]r[vi - V2\r[vi - V2 + l]r 

[Ui -V2 + ^]r[v2 - Ml + f - l]r[vi - U2 + - t"! + | - l]r' 

(ui,Vi V2 + I- ^,V2^ , 



jl,l [Vi + l--,Vi 



V2+I- ^,V2^ . 



(5.33) 



Here the contour I{m, I) is given by 

I{m,l) : Ix^^'w^l < l^il < < \Z2\ < \W2\ < ■ ■ ■ < \Zm\ < \Wjn\, 

\x^^~^Wj\, \x'^~^^Wj\ < \wi\ < \x^~^^Wj\, \x^^~^Wj\, (m + 1 ^ i < j ^ m + Z), 



(5.34) 



x^Wjl < \zi\ < |x* Wj\, \x ^Wj\ < \wi\ < \x ^Wjl, (1 ^ i ^ m, m + l^j^m + l). 



Proposition 5.8 The local integrals of motion Qn are written by linear combination of 

Qm,l- 

r r {n^n-1) ■■■{n-a + l)}^ f t{s) 

a=l 

where we have set 



[s - 2], 



(5.35) 



t{s) 



x-^ (x^^+^^-^x^Ooo(x^^-^;x^'-) 

ril (^2s-2. ^2r\ (^2r. ^2r\ 



Example 



Q2 



\s - 2], 



^?2,0 + 4 



6^3,0 + 9 



t(.) 



\s - 2]. 



-QiA + 2 



t{s) 



t{s) 



[s - 2], 



-6^2,1 + 18 



[s - 2], 
[s - 2], 



^0,2, 



6^1,2 + 6 



t{s) 
[s - 2], 



^0,3 



(5.36) 

(5.37) 
(5.38) 
(5.39) 



Definition 5.6 Let us set "renormalized" nonlocal integrals of motion, Qn{s) by 



a„W ^ e„ + x:t(-ir (^) 



nl 



{n-py. 



( 



1 



*l+fc2 + ---+'!a=/ 



/ 



(5.40) 



Proposition 5.9 



We have the commutation relation. 
[^n(s),^m(s)] = (m,n = 1,2, • • •). 



(5.41) 
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Example 



t{s) 
[s - 2]. 

tis) 



-Go, 



[s - 2], 



t{s) 



[s - 2], 



Go 



Gsis) 



6^1-6 



t{s) 



(5.42) 
(5.43) 
(5.44) 



[s-2]r \[s-2]rj V[s-2]r 

Proposition 5.10 "Renormalized" nonlocal integrals of motion ^„(s) is written by 
linear combination of difference {Gm,i — Gm,o)- 



Gn{s) 



n , 
5=1 ^' 



t{s) 



nl 



1 



{Gn-s,s — G' 



,[s-2]rj \{n-5)\J 5\ 

{Gn-S,f5 — Gn-5,o)- 



X 



E 



.ki+k2 + ---+ka=S-l} 



I 



Example 



Gi{s) 

G2{S) 



Gi,o + |~7^(^o,i - Go,o)-, 

G2,0 + 4f — ^-)^(^i,i - Gi,o) 



■[s-2] 



- 4 



t{s) 



[s - 2], 



(^0,1 - Go,o) + 2 



t{s) 



[s - 2], 



t{s) 



Gsis) = ^3,0 + 9-^ ^(^2,1 -^2,o) 



[5 - 2]r 



+ 18 



+ 6 



+ 18 



t{s) 



[S - 2]r 

tis) 



[s - 21 



;) (^0.3 - ^o,o) - 18 (i^^) {Go,2-Go,o) 



t{s) 



[s-2] 

When we take the hmit s ^ 2, we have 
1 



(^0,1 - Go,o)- 



is - 2} 



-{Gn-S,f3 — Gn 



-s,o 



(5.45) 



(5.46) 



(6^0,2-6^0,0), (5.47) 
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n—S , n+<5— /3 



X 



ii o At n o At n ji,i{ui:Vi\uj,vj) 

Fi{zi)Fo{wi) Fi{zn-s)Fo{wn-s) 



X 



[Ui -Vi + 1 - Ml + I - l]r [lin-<5 - ^"71-5 + |]rK-5 " Un-5 + | - 1],- 

n—5 n—S+f) 

n n n,2{Ui,Vi\Vj) Yl j2,2{'"i\Vj) 

s=2 i=l j=n-S+l n-S+l^i<j^n-S+f3 
n—5 



ds 



X : Fi(x2-''u;„_a+i)Fo(w„_a+i) : • • • : Fi{x^-'wn-s+p)Fo{wm-s+p) ■ ■ (5.49) 
Simplifications occure for s = 2. 

ji,2iui,vi\v2)\s=2 = 1, j2,2{u\v)\s=2 = 1, : Fi{x^'''w)Fo{w) = (5-50) 
We conjecture the following. 

Conjecture 5.11 When we take the limit s ^ 2, we have 

Qn{s)^g^\ (8^2). (5.51) 

As a consequence of (5.51), we have the commutation relation [Q^^ , Gn^] = 0) [^m^ ^ Sn^] = 
and the invariance ri{Q^^) = Q^^ ■ 

Example (CFT-limit) 

Let us set two parameters (/i, /?) by — — We call the limit /i ^ with (3 

fixed, the CFT-limit. In this limit the nonlocal integrals of motion, Q^^{k — 1, 2, • • •) 
reproduce those of CFT, Qk{k = 1, 2, • • •) by [1]. 
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A Normal Ordering 

We summarize the normal orderings of the currents. 



{x'^''-'^Z2/zi;x'^^)ac{x^''Z2/zi;x'^'')oo{x'^ ^'■-22/-2i;a;2*)oo 

(^ = 1,2), (A.l) 

_ (x^^sAi; x^')oo{x-^''z2/zi; x^')oo{x^'^~^Z2/zi;x'^')oo 



A2(-2l)Al(-S2) 



{X '^Z2/zi]x'^^)oo{x'^''Z2/zi]x'^^)oo{x'^ ^''^2 Al ; 2^^^)oo ' 
{x^+^^Z2lz,-X^^U{x^^--'^Z2lz,-X^^U{x''^+^^-^Z2lz^- x''^ 
(X2--2Z2/-21; x2-)oo(a:2^+'"-22/-2i; x''^) ^{x''^+''--'- Z2 / Z^', X^^), 



(A.2) 
(A.3) 



Ai(zi)Fi(z2) = 


■ Ai{zi)Fi{z2) 


Fi(^i)Ai(^2) = 


: Fi{zi)Ai{z2) 


A2{Zi)Fi{z2) = 


: A2{zi)Fi{z2) 


F^{Zi)k2{z2) = 


: F^{zi)K2{z2) 


Ai(zi)Fo(^2) = 


■ Aiizi)Fo{z2) 


Fq{zi)Kx{z2) = 


: Fo{zi)Ai{z2) 


A2(^l)Fo(^2) = 


: A2(^i)Fo(^2) 


FQ{Zi)k2{z2) = 


: Fo{zi)A2{z2) 



Ai(^: 
Ei{z 
A2(z 



: X 



-2(r-l) 



)E,{Z2) 
)Al(^2) 
)E,{Z2) 



{1-X^-^Z2/Z,) 
(1 - X-''Z2/Zi) ' 
(1 - X^"'Z2/Z,) 
(1 - X'-Z2/Zi) 
2(r-l) (1 - X^-^Z2/Zi) 



: X 



: X 



(1 - X''Z2/zi) 
(1 - X'-^Z2/Zi) 
(1 -X-''Z2/Zi) ' 

2(r-l)(i^^!2l!f^/fll 
{1-X^-'Z2/Zi) ' 

(1 - x'-+^-^Z2M) 

(1 - x-'^+^^rs/^;!) ' 

2(.-i)(i^^::^i!£2/£i) 

(1 - X-'-+^Z2/-Zl) ' 
. (1 - X^-'~'Z2/Z,) 
{1-X'-'Z2/Zi) ' 



: X 



: Ai{zi)Ei{z2) : x 
■ Ei{zi)Ai{z2) : 



2,. (1 - a: ^^2/^1) 
(l-x'-^V^i) ' 

(1 - X^+^Z2/Z,) 



(l-X-r+^Z2/z,y 



(A.4) 
(A.5) 
(A.6) 
(A.7) 
(A.8) 
(A.9) 
(A.IO) 
(A.ll) 

(A.12) 
(A.13) 
(A. 14) 
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■ -t^l[Zl)-l^2{Z2) 


(1 - X-'-'z2/Zi) 




\ ( y \ Tr ( y \ — 


•A ( y M^" ( y \ 


-2r {l-X^+'-^Z2/z,) 
(l-X-'-+l-«Z2M)' 








_ (1 - X-'-^+'Z2/zi) 


(A 17) 


(1 - X'-^+'Z2/zi) ' 


A2{Zi)Eo{z2) = 


: A2{zi)Eo{z2) 


,Al-X-'-'+'Z2/zi) 
• ^ (1 - X^-'+^Z2/z,) ' 


(A.18) 


Eo{zi)A2{z2) = 


: Eo{zi)A2{z2) 


{l-X^+^-'Z2/Zi) 


(A.19) 


■ (1 _ x--+^-^Z2/Zi) ' 



X 



X 



Ej{z,)Ej{z2) = : 

Ei{zi)Eo{z2) = : 

Eo{zi)Ei{z2) = :: z^ 

FAzi)F^{z2) = : 

Fi{zi)Fo{z2) = : 

F^{z^)E^{z2) 

Ei{zi)Fi{z2) 

Fo{zi)Eo{z2) 

Eo{zi)Fo{z2) 
Fi{zi)Eoiz2) 
Eo{zi)F,{z2) 
Fo{zi)E,{z2) 
Ei{zi)Fo{z2) 



zf{\-Z2lz^) )^ 



(x2'-*+2z2/zi;a;2'-*)o^' 

{x-'z2lzx\ 2;2''*)oo(a;*"^^2M; 
-|^(a;^'-*+^Z2M;x^-')oo(a;^'^*+^-^^2M;x^'")c 
{x-'z2lzx ; a;2^* )oo(a;*-22:2/2:i ; a;^''* 
I . {x'^Z2/zi;x'^'')^ 

X r [I- Z2IZ1) 



(X^'- '^Z2/Zi]x'^'')oo' 

r 

(x^ 2:2 /2;i ; ) 00 ^ 2:2 /2;i ; x^*- ) 00 
.2^ {x'''-^+'z2/zi- x''-)^[x^'-'z2lzv, x"^'-)^ 



{x^Z2/Zi] X'^'')^{x'^-^Z2/Zi] X 



2r\ 



1 



zl{l - XZ2/Zi){l - X-'^Z2/Zi) ' 
1 

zl{l - XZ2/Zi){l - X-^Z2/Ziy 
1 

(1 - XZ2/zi){l - X-'^Z2lziy 
1 

(1 - XZ2/zx){l - X-'^Z2/Zi) ' 
Zl{l-X'-^Z2/Zx){l-X^-'Z2/Zx), 

Zl{l-X'-^Z2/Zx){l-X^-'Z2/Zx), 

Zl{l-X'-^Z2/Z,){l-X^-'Z2/Z,), 

zl{l-x'-\2/z^){l-X^-'z2/zy). 



(A.20) 
(A.21) 
(A.22) 
(A.23) 
(A.24) 
(A.25) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 
(A.30) 
(A.31) 
(A.32) 
(A.33) 



A{zi)Fo{z2) 



:: z- 



{x^'-'Z2lz^- x"0oo(x^+^-"z2/-gi; a^^Oo 
^ {x^-'+'^Z2l Zi]x'^^)^{x-^+'Z2l ZV, X2^)c 
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(A.34) 



A{zi)Fi{z2) 

Fi{zi)A{z2) 
A{zi)Eo{z2) 
Eo{z,)A{z2) 
A{zi)Ei{z2) 

E,{z^)A{z2) 

Bizi)Fo{z2) = 
Fo{zi)B{z2) = 
B{z,)F,{z2) = 

Fi{zi)B{z2) = 

B{z,)Eo{z2) = 

Eo(zi)B(z2) = 

B{z,)E,{z2) = 

Ei{z,)B{z2) = 

For Re(r) > we have 

Fo{z,)H{z2) 
F^{z^)H{z2) 
H(zi)Fo(z2) 
H{zi)F,{z2) 



_2 {x^^ ^Z2/Zi;x'^^)oo{x^~^'^ '^Z2/ Zi] x'^^)oo , , 

^1 f^r-^+l^ l^.^2r\ f^-r+x^ /„.™2r\ ' (^A.dOJ 



(A.36) 

[X-^"^ ^Z2lZx\X^'')oo 

■■ z\{\ - x^+^-^Z2Ai)(l - x-'^'-^Z2lz^), (A.38) 
:: z\{\ - x'+^-'z2/zi){l - x''^'-^ Z2 / z^) , (A.39) 
^ (A.40) 

(A.41) 



Zl{l - X^-H2/Zi){l - X^-^Z2/Zi) ' 

1 

Zl{l - X^-^Z2lzx){\ - X^-''Z2/Zi) ' 



zl{l - x'+'-*-'z2/z,){l - xs-'*+'-'z2/z^), (A.42) 
zl{l - x'+'-''-'z2/zi){l - xs-''*+'-'z2/zi), (A.43) 
^ (A.44) 

(A.45) 
(A.46) 
(A.47) 



zf{l - x-'-+^Z2/zi){l - x-'*-^Z2/zi) ' 
1 

Zf{l - X^*+^Z2/Zi){l - X--*-^Z2/Zi) ' 
_2 {x^''*Z2/Zi; X^'"')oo(x^"+^2:2/-2i: .T^''*)oo 

^ {x'"-'^Z2/zi; x"^'" ; x'^''*)oo{x~'"' Z2/ Zi, x^*"*) 
_2 (x^'-* 2:2/^1; x'^'''')oo{x''*^'^Z2/zi; x^'-*)^ 



00 



^ (a;''* '^Z2/zi;x'^''*;x'^''*)ooix Z2/ zi, x'^''*)oo' 
Jt ix-^'-'z2/z,;x'^*)^ 

ix^r*^^Z2/z,;xnoo' ^ ' 



^{x '^Z2/zi;x'^''*)oo 



.. J {x'-+'z2/zi; 3:^^)00(3:''+^ ^2:2/2:1; 3;^'-)oo 
- ^1 (2.r+s-2^2/2;i;x2^)oo(a;'-*-S2M;x2'-)oo' 



^2 {x'-^'z2/zi; x^')^{x'+^-'z2lzv, X^Ooo 
■■ ^1 (2.r+s-2-;2/2^;a;2r)^(a;'-*^2M;a;2'-)^' 



(A.49) 



_ _^l {x^+\2/zuX^^U 

' ' {x'-Z2lzv.x^)J ^""-^^^ 



{x^^ ^Z2/Zi;x^'^), 



loo 
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For Re(r*) < we have 

^ ' ' ^ {x-''+'~^Z2/zi]X-^'*)^{x-'*-'Z2/zi,X-^'-*^ ^ ' 



2 



H{z,)E^{z2) = ::^r l"' Ti" - (A.57) 
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